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Abstract: In this paper we study eleven-dimensional supergravity in its most general 
form. This is done by implementing manifest supersymmetry (and Lorentz invariance) 
through the use of the geometric (torsion and curvature) superspace Bianchi identities. 
These identities are solved to linear order in a deformation parameter introduced via the 
.£h ! dimension zero supertorsion given in its most general form. The theory so obtained is 

referred to as the deformed theory (to avoid the previously used term "off-shell"). An 
important by-product of this result is that any higher derivative correction to ordinary 
supergravity of the same dimension as R , but not necessarily containing it, derived e.g. 
from M-theory, must appear in a form compatible with the equations obtained here. Un- 
fortunately we have not yet much to say about the explicit structure of these corrections 
in terms of the fields in the massless supermultiplet. Our results are potentially powerful 
since if the dimension zero torsion could be derived by other means, our reformulation of 
the Bianchi identities as a number of algebraic relations implies that the full theory would 
be known to first order in the deformation, including the dynamics. We mention briefly 
some methods to derive the information needed to obtain explicit answers both in the con- 
text of supergravity and ten-dimensional super- Yang-Mills where the situation is better 
understood. Other relevant aspects like spinorial cohomology, the role of the 3- and 6-form 
potentials and the connection of these results to M2 and M5 branes are also commented 
upon. 
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1. Introduction 

Our understanding of M-theory is still very limited, mainly due to the lack of powerful 
methods to probe it at the microscopic level. One approach to encoding information about 
M-theory is through its low energy effective field theory. The short distance properties are 
then built into terms appearing as higher-order corrections to the leading terms given by 
the action M 

s =h I dU ^{ R -2h Hmn " H -") + ThI CAHAH 

+ terms with fermions , 
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which is of second order in ^(derivatives) +^#(fermions). The ultimate goal is to be able 
to derive the higher-derivative corrections, e.g. by means of a microscopic version of M- 
theory. Since this is not yet possible, our aim here is instead to solve the superspace Bianchi 
identities in order to obtain the most general form such correction terms can take restricted 
only by supersymmetry and Lorentz invariance in eleven dimensions. To what extent such 
an approach can capture main features of M-theory is an interesting question to which we 
have no answer at this point. 

The structure of these correction terms is in general extremely complicated. Powers of 
the Riemann tensor of the kind R 2 and R 4 are basic examples which have been extensively 
discussed in the literature, primarily in the context of string theory and ten-dimensional 
effective actions, but also in the eleven-dimensional context relevant to M-theory. A recent 
overview is given in ref. The existence of these terms can be inferred by a variety of 
means in string theory (for a review see (3j), while in M-theory one must rely on anomaly 
cancellation arguments ||], ||], or (superparticle) loop calculations ||, ^, |j| || [RJ in conjunc- 
tion with results from string theory uplifted to eleven dimensions. Very recently, one-loop 
calculations were performed directly in eleven dimensions |Ll|], using a generalisation of 
Berkovits' pure spinor approach [p^]. 

The methods used so far to deduce the explicit form of such corrections in eleven 
dimensions produce only isolated terms out of a large number of terms making up the 
complete superinvariants they belong to. For a discussion of superinvariants and a collection 
of references, see e.g. [13]. Since it would be useful to have a better understanding of the 
possible superinvariants, there has been a lot of work invested into the supersymmetrisation 
of some isolated terms. In particular, the supersymmetrisation of R 2 and i? 4 terms in ten 
dimensions were considered already some time ago, see ref. |14[ and references therein. 



More recently also terms related to i? 4 in eleven dimensions have been investigated [13, 15] 
including a detailed study of superinvariants by lifting up results from string vertex operator 
calculations to eleven dimensions. 

Another approach would be to develop methods based on superspace in eleven dimen- 
sions [16, 17] that incorporate supersymmetry in a manifest way. In ten dimensions N=l 
supergravity has been constructed off-shell at the linear level in terms of a superspace la- 
grangian [18]. Such a formulation is useful when discussing superinvariants [|^, 20 1, and 
should in principle lend itself to a complete analysis of possible superinvariants and de- 
duction of the corresponding higher-derivative terms in ordinary component language. The 
situation in eleven-dimensional supergravity, or M-theory, is, however, completely different 
due to the fact that an off-shell lagrangian formulation with a finite number of auxiliary 
fields is not known and may not even exist. From a general counting argument by Siegel and 
Rocek [21] we know that the latter is true for N=4 super- Yang-Mills in four dimensions 
(and consequently also in ten dimensions) but that maximally supersymmetric supergrav- 
ity passes the test. Similar arguments [^] suggest that, at the linearised level and in the 
absence of central charges, eleven-dimensional supergravity does not allow for an off-shell 
lagrangian quadratic in the fields. The analysis carried out in the present paper will in 
principle provide an independent check of that statement. In this respect the approach 
advocated here is parallel to the discussion of ten-dimensional super- Yang-Mills theory 
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carried out in refs. [23] and [p4f |, which proves that an off-shell lagrangian based on these 
fields does not exist. 

In order to implement eleven-dimensional supersymmetry and Lorentz invariance, 
which must be part of any M-theory effective action, in a manifest way, we will here 
follow refs. p5| , |26| and define the theory in superspace by means of the superspace Bianchi 
identities (SSBI's). The latter are integrability conditions when the theory is formulated 
in terms of superspace field strengths. By imposing constraints on the supertorsion com- 
ponents of dimension zero the identities turn into non-trivial algebraic relations between 
certain tensor superfields where some of the relations turn out to be equations of motion. 
The outcome of the analysis of the SSBI's depends in a crucial way on the choice of the 
dimensionless components of the supertorsion; setting them equal to a Dirac matrix re- 
produces uniquely the standard supergravity theory given above in eq. (1.1) as shown by 
Howe in |27f| . The goal in this paper is to complete the analysis of the Bianchi identities 
started in [26] based on the most general torsion constraints given in [28, 25 1 and obtain 
the equations of motion of the deformed theory. Our main result is that we have managed 
to reformulate the Bianchi identities to first order in a general deformation parameter, into 
a set of algebraic relations between tensor superfields. These relations act as constraints 
which any higher derivative correction must satisfy. Unfortunately, we cannot as yet derive 
explicit expressions for the corrections in terms of the massless physical fields since we have 
very little information about how to express the dimension zero torsion in terms of these 
physical fields. 

Ultimately, however, we must express the dimension-0 components of the supertorsion 
in terms of the physical fields. As already mentioned, these components of the supertor- 
sion are not arbitrary, but satisfy certain constraints and may be subjected to certain field 
redefinitions, as explained in more detail in section 3. The problem of finding an explicit 
solution to these conditions is equivalent to computing explicit representatives of a partic- 
ular spinorial cohomology group. This procedure was carried out successfully in the case 



of N = 1, lOd SYM in [g^, 30, 31, |32|, but the analogous problem in lid supergravity, 
where the R 4 terms enter at order ip (see sec. || for details), seems at present forbiddingly 
complicated to carry out by brute force. Recently this analysis was carried out to order lp 
by one of the authors in |H3]. At this order there appears a super invariant which turns out 
to be topological in nature in that it can be redefined away by appropriately shifting the 
flux quantisation condition of the 4-form. 

Another approach to finding the explicit form of the torsion constraints, advocated 
recently in [34 1, is to use the superspace Bianchi identities for the antisymmetric tensor field. 
This approach was applied with some success to ten dimensions some time ago [35, 36 1 in the 
context of N = 1 supergravity coupled to SYM, using in particular the SSBI for the 3-form 
field strength H with an F 2 topological term dH = trF 2 . In the work presented here the 
eleven-dimensional 3-form potential emerges from the analysis of the geometric identities 
via its own field equation and some (possibly anomalous) Bianchi identity, and should 
not be introduced from the start. However, as pointed out in [34] the superspace Bianchi 
identities for the 4- and 7-form field strengths do in fact relate the relevant dimension zero 
torsion components needed in our analysis to perhaps even more basic negative dimension 
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components of the superspace 4- form field strength 1 . The fact that setting all negative 
dimension components of the 4-form to zero implies via its own SSBI that no torsion 
deformations are possible, was first noted in f26]j . 

It was argued in [34] that, under some plausible assumptions, the SSBI for the 7- form 
field strength dH^ = ^H^H^ + X$, where X$ is the superform extension of the anomaly 
term found in 0, can be iteratively solved without ambiguities in a similar manner to 
the ten-dimensional case discussed in . This approach was therefore proposed in [ 34 1 as 
a systematic, albeit quite tedious, way to obtain information about the zero-dimensional 
torsion components and, eventually, the lagrangian of the deformed theory. In contrast to 
the situation in eleven dimensions, the problem simplifies enormously in ten dimensions due 
to the fact that the equations can be solved without relaxing the on-shell torsion constraints 
1 37 ] . Work on solving the 7-form SSBI in eleven dimensions is in progress [j3q| . Starting 
from the torsion SSBI (as in the present paper) and demanding that the anomalous 7-form 
BI comes out of the analysis at the level of equations of motion at dimension 2, is expected 
to reflect on the structure of the zero-dimensional torsion components [26]. 

A proper understanding of the superspace torsion components is also vital when prov- 
ing K-invariance for M2 and M5 branes coupled to background supergravity [39, [5], 41] and 
M-theory corrected versions of it. In fact, one should compare to the situation in II A and 



IIB string theory and the coupling to D-branes [[4^, 44, 45]. Here it has been established 



that there are higher-derivative background field corrections also on the world-volumes of 
the branes, see e.g. refs. [46, 47] and references therein. World-volume corrections to the 
M2 brane effective action at order £p were recently computed directly in eleven dimensions 
in [ 48 1 . The presence of such terms complicates the issue of K-invariance and it becomes 
crucial to know the exact form of the supertorsion and to understand its relation to the 
corrections both in target space and on the brane. 

Another aspect of the higher-derivative corrections is that it is to a large extent unclear 
how supersymmetry organises the infinite set of such terms into infinite subsets unrelated by 
supersymmetry. From previous work |^9| we know, both in ten and eleven dimensions, that 
adding one bosonic R 2 or R 4 term generates an infinite set of other terms of progressively 
higher order in the number of derivatives. This is clear in any on-shell theory, as discussed 
in detail in the type IIB case in e.g. ref. ]49t| . In the heterotic case in ten dimensions an 
iterative procedure is needed also due to the fact that there is an implicit dependence on 
the 3- form field strength in the supercurvature that appears in the SSBI, dH = tr(F 2 — R 2 ), 
used to define the theory in superspace [36, 50 1. This situation resembles the one for M- 
theory under discussion in this paper apart from the fact that the corresponding SSBI for 
the 4-form field strength is not added as a separate equation but will instead follow from 
the geometric SSBI for the supertorsion [51, 27 1. 

It is expected that at higher orders there are terms which appear as a result of iter- 
ation triggered by a lower-order term, as well as terms which are part of genuinely new 
superinvariants. Of course, in order to determine which series of terms do actually occur in 
M-theory, one has to invoke some microscopic description of the theory or rely on a com- 

1 Further comments on the relation between the SSBI for the superspace 4-form and those for the geo- 
metric fields, can be found in section 2.7 
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parison with string theory. In super- Yang-Mills in ten dimensions recent results [[5^, 53] 
indicate a situation with new superinvariants appearing at each higher order. Note that 
if one chooses to truncate the theory to a certain number of fields, as is the case when 
one considers linearised superinvariants, one generally finds that there are more indepen- 
dent superinvariants (to that order in the number of fields) than when supersymmetry is 
required to all orders in the number of fields. 

This paper is organised as follows. In section two we set up the superspace formalism, 
review the standard undeformed theory and the issue of the Weyl connection, and discuss 
how to obtain the torsion constraints and in what sense they will produce the most general 
deformed theory. The derivation of the deformed theory is then summarised in section 
three, while the actual details will be spelt out in full detail in appendix B. Section four 
contains some further comments and conclusions. 



2. Superspace Formalism and Undeformed Supergravity 

In this section we will review all the relevant formalism and the methods connected to 
superspace geometry. This is meant to be a self-contained review of superspace geometry 
with specific application to lid supergravity. We will give a systematic account of super- 
space, geometrical variables (vielbein, spin connection, torsion, curvature) and differential 
calculus. We will discuss in detail the issue of torsion constraints, their classification in 
terms of conventional and physical constraints, their implementation and significance, and 
show how they affect the Bianchi identities in undeformed 11c? supergravity. We find it 
necessary to include this background, since much of the information, especially concerning 
conventional constraints, is hard to extract from the existing literature and is mostly con- 
veyed as folklore. This will set the stage for deforming the supergravity in the most general 
way allowed by supersymmetry, which is the main subject of the paper. 

2.1 Superspace Geometry 



The superspace relevant to eleven-dimensional supergravity JjL 16, [L7]] has 11 bosonic and 
32 fermionic directions. The (super-) vielbeins 2 , or frame 1-forms, are E A = dZ M Em A , 
where M = (m,/i) are coordinate basis ("curved") tangent indices and A = (a, a) are 
Lorentz frame ("inertial", "flat") tangent indices. Bosonic directions are denoted by Latin 
letters and fermionic by Greek. Z M = (x m ,0^) are the superspace coordinates. 

When dealing with differential forms and exterior derivatives on superspace, we use 
standard superspace conventions. Since the fermionic property of some components and 
differentials give signs depending on ordering, this is a convenient way of handling these 
with a minimum of extra signs. The expansion of a form in components is always done 
with the differentials in front and in reverse order as compared to the component field: 

A {m) = —dZ Mm A ... A dZ Ah A Ml ... Mm = —,E A ™ A ... A E M A Al ... Anm . (2.1) 
v ' ml ml 



2 In the following, we will often omit the prefix "super" , since it otherwise should be prepended to almost 
all terms related to superspace geometry. 
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Taking care of the statistics of the building blocks then means that the components of a 
wedge product Ai m \ A R( n ) of two bosonic forms come without signs as 

(A {m) AB {n) ) Al ...A m+n = m ; n! A [Ax...A m B A m+ x...A m+n ) (2-2) 

(or the same expression for the components in coordinate basis), where "[. . .)" indicates 
graded symmetrisation. By letting the exterior derivative act by wedge product from the 

right, dA = AA d, its component expression is made to mimic the component expansion 
of the ordinary bosonic exterior derivative, (dA)MM 1 ...M n = {n + l)<9[ A ,/^4 A fi...M n )) which 
facilitates a translation of identities for bosonic fields. 

The superspace is equipped with a spin connection Q, which is a 1-form taking values 
in the Lie algebra of the structure group. Working with spin connections (in contrast to 
affine connections) is a necessary aspect of super geometry, since the concept of metric is 
confined to the bosonic directions (for this reason, the term vielbein is misleading; we will 
use it anyway). The choice of structure group is of course an essential piece of input. We will 
use the Lorentz group as structure group, with the 32 fermionic components transforming 
as a spinor, so that ^( a c %) c = 0, VL^ = j(T a b) a l3 £l a b and = = fl a b . We will later 
comment on the enlargement of the structure group with a scale transformation, so-called 
"Weyl superspace" [27]. The choice of the Lorentz group as (a factor in) the structure 



group is intuitively clear — there must be some input telling the fermions that they are 
supposed to behave as spinors. We are not aware of any attempt to further modify the 
structure group, and this is a question to which we hope to be able to devote a systematic 
investigation in the future. 

The spin connection is a priori completely unrelated to the vielbein, so the amount 
of component fields (any field is of course a superfield, depending on all superspace co- 
ordinates) is enormous. To take it down to the physical field content of the supergravity 
theory, one has to make certain choices. Most of those amount to what goes under the 
name "conventional constraints". Among these are some of a type familiar from the Car- 
tan formulation of ordinary gravity. Finally, a small set of choices, "physical constraints" , 
must be made that have physical significance and determine the exact form of the equa- 
tions of motion for the supergravity fields. The systematics of the these different types of 
constraints are explained in detail in the following subsection. 

The amount of deviation of the vielbein from being covariantly closed is the torsion, 
which is a 2-form with an inertial tangent index, T A = DE A = dE A + E B A£Ib A (note that 
since derivatives act from the right, so does the connection). Torsion is a crucial object in 
superspace geometry and supergravity, and does not vanish even in flat superspace. Many 
components will be set to zero by constraints in the following subsection, and the remaining 
ones constitute, together with curvature, the main tool of our calculations. Curvature is 
defined as usual, Ra B = dQ.A B + Qa C A £lc B ■ Torsion and curvature play the role of field 
strengths in the theory, and obey the Bianchi identities 

DT A = E B A Rb A ^ 

DR A B = . (2.3) 
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The first of these plays a central part in the calculations of this paper, while the second 
need not be explicitly solved since it is implied by the first one. This last fact follows from 
a theorem by Dragon |j4j and relies on the structure group being the Lorentz group. 

For completeness, and partially for use in the following subsection, we would like to 
exhibit the symmetries of the theory. Under the local Lorentz symmetry (or, in general, the 
structure algebra) with gauge parameter A, the connection transforms as 5a^a B = E>A A B , 
while the vielbein, torsion and curvature transform covariantly, 5\E A = —E B A A B A , 
etc. Under diffeomorphisms generated by a vector field £ = £ M 8m = £, A E A any field 
is transformed as A^cf) = C^cfr, where = i^d + di^ is the Lie derivative. In order to 
covariantise this under the local structure algebra, this transformation is combined with a 
structure transformation with parameter —i^Q, so that we instead consider Ag = 
The transformation rules of the geometric quantities under consideration are then 

A^E A = D£ A + i{T A , 

a^ a b = i^R A B , 

A{T A = Di(T A + Z B R B A + E B A i^R B A , 

Ki:R A B = Dit.R A B ■ (2.4) 

All calculations are made with components that carry inertial indices, in order to have 
access to the structure group and its invariant tensors (gamma matrices). This means that 
exterior derivatives give rise to torsion, 

(DA) AAl ... An = (n + l)D [A A A ^ An) + ^±i) T [AAl B A lBlA2 ,„ An) . (2.5) 

We end this section with a comment on the concept of dimension. It is natural to assign 
to the superspace coordinates canonical (inverse length) dimensions (— 1, — ^) (for bosonic 
and fermionic coordinates, respectively). This introduces a grading. All components of our 
geometrical objects are conveniently labeled by their canonical dimension. Since an ordinary 
bosonic vielbein, for example, is dimensionless, the vielbein 1-forms carry dimension — 1 
(E a ) and -~ (E a ). Their components have dimension (E m a , E^), \ (E m a ) and — \ 
(E^ a ). The torsion has components with dimensions running from to |. For dimensional 
reasons, only the dimension-0 components {T a p c ) can (and will) contain invariant tensors 
of the structure group. Any calculation, like the main one of this paper, can be made 
sequentially for increasing order of dimension, since there are no operators involved that 
lower the dimension of component fields. 

2.2 Conventional Constraints 

As mentioned in the previous subsection, the constraints we will impose are of different 
types. The property they have in common is that they are effectuated by fixing some com- 
ponents of the torsion. This ensures the gauge covariance of the constraints, and therefore 
of the resulting physical system. In principle, some of the constraints have the effect of elim- 
inating certain superfluous components of the vielbein, i.e. components that after solving 
the SSBI's occur in combinations such that they can be removed by field redefinitions 
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(as can be seen by not enforcing these constraints). However, imposing them explicitly 
in terms of vielbeins would be unfortunate, since such constraints would break diffeomor- 
phism invariance. The vielbeins carry one coordinate index and one inertial index, and 
the coordinate index can not be converted into an inertial index (the result would be the 
unit matrix). The torsion components, on the other hand, carry an inertial index and in 
addition two lower indices that can be taken in the inertial as well as in the coordinate 
basis. All constraints are formulated in terms of the torsion, and in terms of components 
with inertial indices only. Since such components are scalars under diffeomorphisms, this 
is the only covariant procedure to impose constraints. As long as they are formulated in a 
way that respects the local structure symmetry, all symmetries will be preserved. 

Let us start by considering the conventional constraints [55, ^6]. There are two kinds of 



conventional constraints that can be associated with transformations of the spin connection 
and the vielbein respectively, while the other is held constant. These two transformations 
have the property that they leave the torsion SSBI in (^^) invariant and therefore take a 
solution of the SSBI's into a new solution. This is the reason why we can use these kinds 
of transformations in order to find an as simple solution to the SSBI's as possible. The two 
kinds of transformations clearly commute with each other. 

The first kind shifts the spin connection by an arbitrary 1-form (with values in the 
structure algebra) and leaves the vielbein invariant: 

. rjnA , T^B « A A 




=> T — > T + E A A B A . (2.6) 

This kind of redefinition serves to remove the independent degrees of freedom in f2, which 
can be achieved by constraints on T as long as there are no irreducible representations 
of the structure group residing in Q that do not occur in T (all structure groups under 
consideration fulfill this requirement, as will be seen later). This shift is often expressed 
as the torsion being absorbed in the spin connection. The canonical example is ordinary 
bosonic geometry, where one gets T a ^ c — > T a b c + 2A[ a6 ] c , where A is antisymmetric in the 
last two indices, meaning that the transformation can be used to set the torsion identically 
to zero, leaving the vielbeins as the only independent variables. In supergravity the analysis 
is more subtle. Only certain representations in the torsion can be brought to zero. 

The second kind of transformation consists of a change of tangent bundle, while the 
connection is left invariant: 



E A E B M r A 



B ( rrA . rrB^t A , t^B a n)i/ A 



q a b ^ v a b 



T -> T Mb + -B A DM b a . (2.7) 



Again, it is essential that one implements the constraints on the torsion. This will mean 
that not all components in M can be used. In fact, the remaining degrees of freedom will 



all reside in the component E^ 0, of negative dimension, as will become clear in section ^3 
The form of the transformation of T will in practice mean that the transformations have to 
be implemented sequentially in increasing dimension, in order for the second term not to 
interfere with constraints obtained by using the first term. We will do this in detail for lid 
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supergravity below. This second kind of transformation has no relevance in purely bosonic 
geometry — there M has dimension 0, and can not be used to algebraically eliminate torsion 
components of dimension 1 (which are taken care of by the first kind of transformation, 
anyway). It should also be noted that not all matrices M are relevant. If M is an element in 
the structure group, the transformations in eq. ( |2.7| ) can be supplemented by a transforma- 
tion of the first kind from eq. ( |2.6D with suitable parameter (A = M dM + M^QM — fi) 
so that the total transformation is a gauge transformation. 



2.3 Implementation of the Conventional Constraints 



Having discussed the general aspects of conventional constraints and their associated trans- 
formations, we would now like to go through the details for lid supergravity. 



The transformations ( |2.6| ) and ( |2.7| ) act in a highly non-linear way on torsion compo- 
nents with inertial indices. This is because the inertial components even of an invariant 
differential form change when the frame field is transformed. For example, the first term 



in the torsion transformation of (2.7) reads 



T AB C (M- l ) A A> {M- l ) B B 'T A , B , c ' M c , c + ... . (2. 



Instead of considering large transformations, bringing the torsion components in different 
irreducible representations to their constrained values, we find it much simpler to treat 
infinitesimal transformations. Then we just have to check that any transformation corre- 
sponding to a conventional constraint acts by taking us out of the "constraint surface" ; if 
this is the case, the conventional constraint constitutes a valid choice. 

We start by displaying a table of torsion components and transformation parameters 
(A and M), classified according to dimension and further divided into irreducible repre- 
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sentations of the Lorentz group 3 . 



Dim. Torsion 



A 



M 



1 

2 







T a p c (ooooo)®(oiooo)®(2oooo) 

®(10000)®(00100)®(11000) 
ffi(00010)®(10002) 



Ma (00000)ffi(01000)ffi(20000) 
McP (00000)ffi(10000)ffi(01000) 
®(00100)®(00010)®(00002) 



1 

2 



T ao c (20001)©2(10001)®(01001) A ao c (01001)ffi(10001)©(00001) M a ' 
®2(00001) 



(10001)®(00001) 



Ta/3 1 (00003)®(00011)®(00101) 
®2(01001)®3(10001)©3(00001) 



1 




(11000)ffi(00100)ffi(10000) 



3 
2 



Tab" 1 



Using a transformation parameter at a certain dimension affects the torsion compo- 
nents at that dimension and higher, so we may implement the conventional constraints 
sequentially in increasing dimension without the risk of subsequent transformations inter- 
fering with conventional constraints already imposed. 



used. This means that we do not remove the degrees of freedom in E^ a . Note that we want 
to avoid using a transformation to eliminate degrees of freedom at a higher dimension; this 
is of course possible in principle, but would not lead to the algebraic elimination of entire 
super fields. 

At dimension 0, it is clear that the torsion components in (11000) and (10002) cannot 
be algebraically removed, as they do not occur in M. We also note that the transfor- 
mation T a/ 3 C — > (M _1 ) Q , a '(M _1 ) / 3 /3 'T Q / / 3/ c 'M c / c is linear in the dimension-0 torsion, so it 
will not be possible to set it to zero. Starting from the ordinary term 2T^g, it is easily 
seen that all representations except (11000) © (10002) are generated by a transforma- 
tion. Out of the representations in the transformation parameter, some are still unused, 
namely (00000) © (01000) © (00002). The (00000) will be interpreted later as correspond- 
ing to a local Weyl (scale) transformation (when supplemented with the suitable trans- 
formation of the connection). It is the combination M a b = e a 5 a b , M a ^ = e a l 2 bj i that 
leaves T^ invariant. The (01000) is the combination (infinitesimally) M a b = S a b + ej a b , 
MoP = 5a 13 + e\(T a b) a /3 j a b corresponding to a local Lorentz transformation. As argued in 

3 Representations of the Lorentz group Spin(l,10) are specified with standard Dynkin labels, where 
(10000) is the vector and (00001) the spinor. Note that only the representations relevant for the conventional 
constraints are explicitly displayed. 



At dimension — |, we have no torsion. Therefore, the transformation with M a is not 
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the previous subsection, such transformations, lying in the structure group, are irrelevant. 
In conclusion, the general torsion at dimension is 

T af 3 C = 2 (r Q/3 c + ^T a/3 dld2 X dld2> c + ^r a p dl " md5 Y dl _ d5 fj , (2.9) 

where X and Y are in the representations (11000) and (10002) of the Lorentz group, 
respectively, i.e., X[ aia2>a] = 0, X ab b = 0, Y[ ai ... 0B , ] = 0, Y ai _ aib b = 0. 

At dimension \ , there is an overlap between the irreducible representations in A and M, 
and one has to check that the corresponding transformations act on T in a non-degenerate 
way. The choice of which representations to eliminate, among the ones multiply occurring 
in T, is not unique. Our choice is to eliminate one (10001) and one (00001) representation 
in each of the T a b c , T a fp ' . 

At dimension 1, finally, the conventional constraints are, as usual, T ab c = 0. This part 
is identical to the elimination of VL in bosonic gravity. 

Once the conventional constraints have been fixed, using the transformations discussed 
above, certain torsion components are constrained to vanish or to take certain values. The 
torsion Bianchi identities, which are automatically satisfied when torsion is defined in terms 
of vielbein and spin connection, then cease to be identities. In lid supergravity, as in other 
maximally supersymmetric theories lacking an off-shell supersymmetric formulation, the 
Bianchi identities imply the field equations. The main philosophy of this paper is to turn 
this property into an advantage. The set of physically distinct theories differ by the choice of 
non-conventional constraints, as explained in the following subsection. Keeping the torsion 
components connected to this last choice general does not take the theory off-shell, but 
gives all allowed forms of the field equations. These components contain fields in a stress 
tensor multiplet occurring in the field equations. 

In conclusion, by using conventional constraints (for the case that the structure group 
is the Lorentz group), the torsion is brought to the form 
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dim 0: T a f = 2(T a / 

+\T aP d ^X dld2 c (11000) 

+^r Q ^-*y tJl ... dB c ) (10002) 

dim \. T ab c = S b c a (20001) 

+2(T (b S d) ) aV cd (10001) 

+<5g5 Q (00001) 

V = isorfe"*^!-* 7 (° 0003 ) 

+^^-*(r dl z <fa ... dB )T (ooon) 

+^^-*(r dlda z ti 3 d4dB )T (ooioi) 

+nr&"*(r***^*) 7 + 2 ( 01001 ) 

+^^-*(r dl ... d4 z dB )T + r^r*^ 2(10001) 

+ iio r 5f ^OV-.^) 7 + irff (r dlda z'r 2(00001) 

dim 1: T ab c = (2.10) 

T a p< = ^(r*--*)^,. i4a + i 5 (r^-*)/i;.., 5 2(00002) 
+i(r"i^) /3 7 i4did2dsa + ^(r/i-^)^^ d4 2(00010) 

+i(r dld2 ) /3 ^ dl(i2a + \{T a dM )fA did2d3 2(00100) 

+(r<%^ da + W a d ^)fA> did2 2(01000) 

+(r VAj + ^ 7 2(10000) 

+(r )/3 7 A (ooooo) 

+m( rdl - d5 )p 1B di-d 5 ,a (10002) 

+^(r*- d *)^B dl ... d4)a (10010) 

+W dM )p^B dld2d3 , a (10100) 

+ i (r rfirf 2)/3 7^ id2a (11000) 

+(r d )/3^ d ,„ (20000) 

dim §: T a 5 7 = i ab i (01001) 

+2(r [a t 6] )T (10001) 

+(r a5 t) 7 (00001) 
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2.4 Physical (Non-Conventional) Constraints and Spinorial Cohomology 

The form of torsion ( p.10 ) arrived at in the previous subsection is actually the starting 



point for the calculation of this paper, as it is presented in section It is general enough 
to contain any "deformation" allowed by super symmetry, i.e., when substituted in the 
torsion Bianchi identities it will contain components corresponding to the most general 
stress tensor multiplet. 

In order to arrive at a specific version of lid supergravity, one has to make a few 
more choices. It was shown in ref. [^7| that taking T a ff = at dimension zero gives 

the superspace formulation of ordinary "undeformed" supergravity. In that paper, the 
structure group was enlarged to include a Weyl (scale) transformation. As a byproduct of 
our analysis, we will find the same result for the Lorentz group below. 

There exists a very helpful method for determining exactly which torsion components 
contain information of the deformation, i.e., which torsion components have to be subjected 
to physical, or non-conventional, constraints, in order to put the theory on-shell expressed 
in terms of the physical fields. This is the theory of spinorial cohomology, put forward 



in the context of lOd super- Yang-Mills in ref. [29|, and further generalised in [31, 57]. 



A purely tensorial definition, i.e., not relying on particular representations, was given in 



1 34]. We will not give a detailed account of the theory here. Its validity is general and 
not confined to the supergravity considered in this paper. The statement obtained for lid 
supergravity is that the gauge transformation (diffeomorphism) parameter £ a in (10000), 
the vielbein E a a in (10001), the torsion T a/3 a in (11000)0(10002) and the Bianchi identities 
in (11001) (10003) are part of a complex 

£ A E ± T A BI A ... (2.11) 

(10000) -» (10001) -> (10002) -> (10003) -> (10004). . . 

\ \ \ 

(11000) -> (11001) -> (11002). . . 

\ 

(12000)... 

The operator A is a nilpotent fermionic "exterior derivative" given by the action of the co- 
variant fermionic derivative together with a projection onto the relevant representations. Its 
cohomology (seen as bosonic/fermionic components of superfields) describes gauge trans- 
formations, physical fields and the stress tensor multiplet, respectively (the meaning of 
cohomology at the level of Bianchi identities and higher has not been understood). The full 
cohomology of lid supergravity is summarised in the following table, where the entries are 
denoted by the irreducible representations of the respective component fields, n denotes 
the horizontal level in the complex ( |2.11| ) and the dimensions of the fields are given in the 
vertical axis. 
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n 



n 



n 



n 



n 



n 



n 



dim 



(10000) 



(00001) 



11 

2 



13 
2 



(20000) 

(00001) 
(10001) 

(00010) 
(10000) 



(00001) 
(10001) 

(00000) (00002) 
(00100) (01000) 
(10000) (20000) 



(00000H00002) 
(00100) (01000) 
(10000) (20000) 

(00001) 
(10001) 



(00010) 
(10000) 

(00001) 
(10001) 



(20000) 



(00001) 



(10000) 



(2.12) 

All information is thus contained in the lowest-dimensional superfield of each type. The 
stress tensor fields, i.e., the deformations, are contained in the torsion representations 
(11000) © (10002) at dimension 0. These are the ones encoding the exact form of the inter- 
actions and, therefore, these are the ones that should be subjected to physical constraints. 
The undeformed supergravity is thus obtained by imposing the physical constraint 



T a/ 3 C - 2T c a/3 . 

2.5 Bianchi Identities and Undeformed Supergravity 



(2.13) 



Eleven-dimensional supergravity contains, in addition to the metric and the gravitino, a 
3-form potential C with field strength H = dC and field equation d * H = A H. 
These fields can be read off the table of spinorial cohomologies at n = 1, where the tensor 
field enters via its field strength H, due to gauge invariance. We also find a spinor at 
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dimension ^ and a vector at dimension 1, that will be interpreted as the Weyl connection. 
Remember that spinorial cohomology is not a priori supersymmetric, in that it only encodes 
objects of lowest dimensionality. Higher-dimensional Bianchi identities will restrict the 
fields occurring. H may be promoted to a 4-form in superspace, but this is not necessary: 
like all supergravity fields it is found in the geometric superspace variables. This subsection 
contains a brief review of the Bianchi identity calculation in the undeformed case, with the 
purpose of illustrating how the supergravity degrees of freedom arise, how the Bianchi 
identities lead to the equations of motion, and to what extent the result is unique. Some 
relevant equations for undeformed supergravity are collected in appendix A. 

The torsion Bianchi identity is DT A = E B ARb A , which in inertial components reads 

3R[abc) D = 3D[ A T BC ) D + 3T[ AB E T\ E \ C ) D . (2.14) 

The procedure for solving the Bianchi identities is to consider this equation, starting from 
the lowest dimension and moving upwards, decomposing in all occurring irreducible repre- 
sentations of the Lorentz group. If a curvature is allowed to carry a certain representation, 



the information contained in eq. ( 2.14 ) is the value of this curvature component. The only 
conditions on torsion components come from situations where the curvature is constrained 
by the structure algebra. The role of the structure group is double in this sense: a larger 
structure group serves on one hand to eliminate torsion components via conventional con- 
straints of the first kind, on the other hand it gives fewer restrictions on the torsion through 
the Bianchi identities. 

The complete set of torsion Bianchi identities is 

dim. i; 3(fc(ai3)~,) d = 3-D( Q ,T 87 ) d +3T( a/3 [i T| ( ,| 7 ) ti +3T( a(3 e T| e | 7 ) d 

dim. 1: 3(fl( a|3 ) T )* = 3D( Q ,T / 3 7 )' 5 +3T( Q , )3 e T| e | 7 )' 5 +3T( Q(3 e T| e | 7 ) i 

I 

%{ftc(a)f3) d + (Ral3)c d = 2D ( a Tp} c d + D c T a p d +T a p er f £c d +T a p e T ec d 

+1Tc{a e T\ e \p) d +2T c ( a e T\ s \i 3 - ) d 
dim. §: (ft al 3)c S +2(R c(a ) l3) s = 2D {a T l3)c s +D c T al3 s +T al3 £ T ec s +T a ^T ec s 

I 

(fi bc ) a d +2(R a[b ) c] d = D a f bc d +2D [b T c] J+2T a[b ^ Ac] d +f b ^T ea d 

+2T Q [{, e Tj e | c ] d +T bc e T ea d 

dim. 2: 2(fc a[b ) c] s + (R bc ) a 6 = D a T bc s +2D lb T c]a 6 +2T a[b E T }e{c] s +f bc E T ea s 

+2T a[b cT\ EW] s +T bc tT s J 

I 

3(R[ab)c] d = SD [a f bc] d +3f [ab e T ]e]c] d +3T lab e T Mcl d 
dim. f : 3(fi [ab ) c] s = 3D la T bc] s +3f lab s T lelc] s +3T [ab ^T l£]c] s 



(2.15) 
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Here, we have striked out curvature components that vanish due to the bosonic property of 
the structure group and torsions that have been set to zero using the ordinary bosonic form 
of the first kind of conventional constraint, and indicated with arrows curvature components 
that are related to each other due to the Lorentz condition. Of course both the structure 
group and the vanishing of certain torsion components has a finer structure than can be 
taken care of by dividing into bosonic and fermionic indices; it has to be accounted for 
by performing a full decomposition into irreducible representations. Note that only (linear 
combinations of) equations without curvature contain information. 

According to the previous subsection, the only physical constraint that has to be 



imposed on the conventionally constrained torsion of eq. ( 2.10 ) is 



^a/3 C |(11000)ffi(10002) — 0- 

The Bianchi identity at dimension h therefore reads 

o = r^r |e|7) rf + r (Q /rf £|7) . (2.16) 

Let us compare the content of irreducible representations in this equation, obtained as 
(10000) ® (00001)® s3 , to the one in the torsion according to eq. (g.iq ). 



equation: (iooo3)®(iiooi)®(20ooi)e(oooo3)e(ooon)e(ooioi)©2(oiooi)©3(ioooi)©2(ooooi) . . 

torsion: (20001)©(00003)©(00011)©(00101)©2(01001)©3(10001)©3(00001) 

From this comparison it follows that the Bianchi identities may set the entire dimension-^ 
torsion to 0, except for a spinor. Note that it does not prove that this actually happens; 
in principle, and this will be the case for Bianchi identities at higher dimension, there can 
be a linear dependence between equations in the same representation when expressed in 
terms of the torsion components, leading to more solutions for the torsion than would be 
guessed by counting representations. At dimension |, however, there is no degeneracy, and 
everything except for a single spinor is set to zero. A detailed calculation shows that all 
dimension-^ components of the torsion in eq. ( |2.10| ) vanish except for the spinors S, Z and 
Z', and that Z = ^S, Z' = -±S. 

The procedure at dimension ^ illustrates the general method. At dimension 1, de- 
composing in irreducible representations and taking into account the Lorentz condition, 
gives the non-vanishing torsion components A, A a , A' a , A abc d and A' abcd , together with the 
relations (only relations where curvature components are eliminated are displayed) 

DS = -A22AA , 
DT a S = 64A a = -64A' a , 
DTabS = , 
DTabcS = , 

DT abcd S = -U08(A abcd + 2A' abcd ) , 

DT abcde S = . (2.18) 
Note that this implies D^ a S^ = 2T a a nA a . 
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In the following subsection, we demonstrate how the spinor S and the vector A a are 
identified as spinor and vector components of a Weyl (scaling) connection, and how they 
can be brought to zero by a conventional constraint. The rest of the discussion in the 
present subsection is based on this being done. 

The remaining calculation for the undeformed lid supergravity is well known, and 
we will not relate all details leading to equations of motion etc. In the absence of S, one 
finds the only non- vanishing torsion components at dimension 1 to be A a \, cc i and A' abcd , 
with the relation A a bcd + 2A' abcd = 0. This field is identified as proportional to the 4- form 
field strength H of lid supergravity (see appendix A), i.e., T a fp ~ (r rfld2rf3 ) ( g" > H d^daa ~ 
j^r^ 1 "^ 4 )^ 7 Hd 1 ...d 4 - At dimension |, the torsion T a b 7 is the gravitino field strength, and 
its gamma traces are set to zero as equations of motion, i a 7 = 0, i 7 = 0. In addition, one 
gets from the Bianchi identities information about how the gravitino field strength sits 
inside the superfield H: D a Habcd ~ (X[ a b^cd]) a ■ At dimension 2, the Weyl tensor appears 
in the representation (02000) and is expressible as (schematically) Dt + H 2 . The Bianchi 
identities at this dimension imply the Bianchi identities as well as the field equations for 
H together with the Einstein equations. 

2.6 The Weyl Connection 

Apart from the ordinary supergravity fields, the only freedom allowed by the torsion Bianchi 
identities resides in the spinor superfield S at dimension |. From the dimension- 1 ; Bianchi 
identities it follows that it is constrained to obey the equation D^ a S^—2T^ i gA c = 0. Letting 
Va = S a , V a = —^A a , and V = cIZ a Va, this equation is the dimension- 1 component of 
dV = 0. Indeed, without going into details, it is confirmed that the Bianchi identities at 
dimension | and 2 imply that the 1-form V is closed. Modulo topologically non-trivial 
configurations, V is exact, V = d<p, where <j> is a scalar superfield of dimension 0. 

We now recall that there was a scalar transformation among the ones connected to 
conventional constraints that was never used. This "Weyl transformation" can be used 
to shift (f> to zero. In the present situation, where we have already chosen conventional 
constraints at dimension ^ and higher, this has to be done carefully. The reason why we 
always perform conventional transformations by increasing dimension was that they affect 
torsion components also at higher dimension. Shifting <j> affects the torsion constraints 
already fixed, and has to be accompanied by new conventional transformations in order to 
restore the constraints 4 . For example, at dimension i, all torsion is eliminated by a Weyl 
rescaling with a = — qs<P, followed by a conventional transformation of the first kind with 
A^ 6 = — ^e~f (Tb c D(p) a and one of the second kind with M a ^ = j^e"^ (T a D<j))P. 

If (j> is a non-trivial flat connection, it can no longer be set to zero, but it can be 
shifted to a representative in its cohomology class. Such non-trivial Weyl connections have 
been used to construct massive supergravity in lower dimensions [^, . Even though the 
formulation due to Howe |2?J with a structure group enlarged to encompass scalings is more 
geometrical, the exact same statements hold true for the Lorentz group formulation: the two 

4 There exists a choice of conventional constraints adapted to Weyl transformations, where this is not 
needed. Unfortunately, this is not the convention adopted in this paper. 
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versions are completely equivalent (recall the fact that a conventional transformation of the 
second kind with values in the structure group can be traded for a gauge transformation). 

An interesting question is whether the flatness of the Weyl connection remains in the 
deformed theory. This question can equally well be addressed with or without a Weyl 
component of the structure group. As we will see in section ||, the answer is negative. 



2.7 The 4-form 



The 4-form field strength H occurs as a component of the torsion at dimension 1 in the 
geometric approach to 11c? supergravity pursued here. As is well known, it can also be 
promoted to a 4-form in superspace, which we denote by the same letter. Its components 
have dimensions ranging from —1 (Ha/^s) to 1 (i? a 6cd)- H can be expressed as the exterior 
derivative of a superspace 3-form potential C, H = dC, so its Bianchi identity reads 
dH = 0. Conventional constraints corresponding to redefinitions of the potential may be 
imposed, analogous to the ones redefining the vielbein in section (|2.2|), whereupon the 
Bianchi identities cease to be automatically satisfied. 

The gauge transformations, field content and deformations are now related to coho- 
mologies of another complex, namely that containing T-traceless parts of n symmetrised 
spinors: 



... A A A C A H A BI ... (2.19) 
(00000) -> (00001) -> (00002) -> (00003) -► (00004) -► (00005). . . 

^ (01000) -» (01001) -» (01002) (01003). . . 

\ \ 

(02000)^(02001)... 



The non-conventional constraint that has to be imposed in order to obtain the unde- 
formed supergravity is the vanishing of the dimension -1 components of H in the repre- 
sentations (02000) (01002) (00004). The Bianchi identities then imply the equations of 
motion for the fields. 



The cohomology of the complex ( 2.1 9| ) is [31] 
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n 



n 



n 



n 



n 



n 



n 



n 



n 



dim 



(00000) 



_5 
2 

-2 



11 

2 



(10000) 



(01000) 
(10000) 



(00001) 



00000) 
00100) 
20000) 

00001) 
10001) 



(00001) 
(10001) 

(00000) 
(00100) 
(20000) 



(00001) 

(01000) 
(10000) 



(10000) 



(00000) 



(2.20) 

It is interesting to compare the cohomologies here, referred to below as ".ff-cohomology" 
to the ones obtained for the geometric quantities stated in eq. ( 2.1 2| ) ("geometric cohomol- 
ogy"). Starting with the gauge transformations, we see that they, in addition to the spinor 
and vector parameters of superspace diffeomorphisms, contain a 2-form of dimension -1, 
which is expected. At the level of fields, the 4-form field strength in the geometric coho- 
mology (that can only contain quantities invariant under 2-form gauge transformations) is 
replaced by the 3-form potential. In addition, there is a scalar at dimension 0. The spinor 
at dimension | is still present, but the vector is absent. At the level of the field equations, 
we find representations fitting the Einstein equations as well as the gravitino equations 
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both in the iJ-cohomology and in the geometric one. The representation corresponding to 
the equation of motion for C is present in both, and the Bianchi identity in (00002) has 
gone away, which is consistent with the formulation being based on the potential instead 
of the field strength. 

In short, the differences between the two cohomologies are in part attributed to the 
replacement of the field strength by its potential, in part to a difference concerning the 
Weyl connections. 

We should mention that although all fields are contained in the cohomology of the 
3-form C, there is no existing formalism based solely on this field, without reference to 
superspace geometry. One should therefore not a priori interpret components of the H- 
cohomology not present in the geometric cohomology to constitute independent fields or 
deformations. Similarly, a field or deformation occurring in the geometric cohomology but 
not in the fZ-cohomology should not be ruled out by inspection only, since it may be present 
without explicitly occurring in e.g. the H field. 

In the undeformed supergravity, the components in (02000) © (01002) © (00004) at 
dimension —1 are taken to vanish. This is the non-conventional constraint. The scalar at 
dimension occurs because H a ^s is not invariant under Weyl transformations. It is not 
possible to set it equal to 2(r a b) 7( 5 by a conventional transformation related to redefinitions 
of C. A conventional Weyl rescaling of the vielbein is needed for this. 

It is clear that the cohomology in (02000) © (01002) © (00004) in H aPl& is sufficient 
to encode modifications to the equations of motion for all fields in lid supergravity. A 
detailed analysis of the superspace Bianchi identities for H up to dimension has been 
performed in ref. 34]. 

It has been widely assumed, mostly for assthetical reasons, that formulations with or 
without explicit use of H should be equivalent. This is certainly the case for undeformed 
supergravity. It is not obvious, however, that this statement remains true in the deformed 
case. As we will see in the following section, the purely geometrical approach of this pa- 
per allows for non-vanishing Weyl curvature, which is expressible in terms of the torsion 
components in (11000) © (10002) at dimension 0. On the other hand, the .ff-cohomology 
does not contain the vector component of the Weyl connection. The geometric cohomology 
contains the Bianchi identity for the -ff-field, and we are not guaranteed that a deformation 
will allow for the identification of a globally closed 4-form, although this is of course not 
excluded. 



It was shown in [34] that the system including the H field implies the Bianchi identities 
in the geometric picture, up to dimension ^. Provided no new constraints arise at dimen- 
sions higher than ^ (this is indeed the case at dimension 1 as we will see in the following 
sections), this shows that the H field formulation implies the geometric formulation. 

For the two formulations to be equivalent the converse should hold as well, and one 
would expect to find integrability conditions on the X and Y tensors in (11000) © (10002) 
stating their integrability to the tensors in (02000) © (01002) © (00004). As explained in 
detail in the following section, so far we have not found any candidates up to dimension 1 
for such conditions, other than the constraints in (11001) © (10003). However, it is not at 
all clear that the latter can play this role. 
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A conclusion concerning the equivalence of our geometric approach with the one con- 
taining the superspace 4-form has to await further results at the level of the equations of 
motion. 



3. Deformed Supergravity 

In this section we solve the SSBI's by using the most general form of the torsion components, 
subject to the conventional constraints analysed previously. In particular, this implies that 
the zero-dimension component of the torsion includes the X and Y tensors introduced in 
equation ( |2.9| ). Recall that X and Y are set to zero in the case of ordinary lid supergravity 
and as a consequence most of the torsion components are set to zero by the SSBI's. As we 



have seen in section 2.5 , the only components of the torsion that are not set to zero by the 
SSBI's correspond to the 4-form field strength H := = —2A'^ and the gravitino field 
strength t. The curvature tensor R appears at dimension 2. 

In the deformed case, this is no longer the case: the SSBI's will now solve for the 
previously vanishing components of the torsion in terms of (derivatives of) X and Y. It is 
by substituting X and Y into the SSBI's and solving up to dimension 2, that one arrives at 
the deformed equations of motion and, eventually, the lagrangian, after specifying X and 
Y in terms of the physical fields. Clearly, in this approach the deformation is parametrised 
by X, Y. 

Eleven-dimensional supergravity has no coupling constant, since there is no scalar in 
lid whose VEV could play this role. There is, however, the possibility of a low-energy 
(curvature) expansion in the Planck length £p. It is believed that the first such correction 
occurs at order £p, corresponding to the still undetermined R 4 superinvariant 5 . As has 
recently been shown in |33|], at order £p there appears a superinvariant which turns out 
to be topological in nature in that it can be removed by appropriately shifting the flux 
quantisation condition of the gauge field. More generally, let us introduce a deformation 
parameter (3 and consider the tensors X and Y to be of order (3. The reader may want to 
think of [3 as being proportional to £ P , but our analysis is valid irrespectively of the actual 
value of (3. We treat the problem of solving the deformed Bianchi identities perturbatively, 
to first order in [3. This means, in particular, that we ignore terms quadratic or higher in 
X, Y 6 . Furthermore the Weyl spinor S is also of order f3, since it is set to zero by the 



SSBI's in the undeformed case. However, as noted in [27], this is only true for a simply 
connected space-time manifold. We will henceforth assume this to be the case. 

Let us now turn to the actual procedure of solving the deformed SSBI's. Just as in 
the undeformed case, we need to project onto each irreducible representation. This is most 
conveniently done by appropriately contracting with gamma matrices. The computation is 
straightforward and conceptually the same as in the undeformed case. It is however much 
more tedious and we have found GAMMA [SI, to be an extremely useful tool. 



5 Subject to some plausible assumptions, it was argued in |34j that there is a unique R 4 superinvariant 
consistent with the C A Xg Chern-Simons term. 

6 Note that this an improvement on the analysis of [EH |60| where non-linear terms of the form HY and 
bosonic derivatives of Y were ignored. In addition, in those references X was set to zero. 
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The reader can find all the details of the calculation in app. B. Here we summarise a 
few salient points: 

• At dimension |, the BI's impose constraints on the tensors X, Y. Explicitly these 

read 



Y, 



1 

a\...a5,b 



Y. 



1 

aia,2,b 





1 



-x. 



1 

a\a 2 ,b 



(3.1) 



where the superscript refers to the #-level of the corresponding superfield; our notation is 
further explained in app. B. These constraints restrict the possible deformations, i.e., the 
possible admissible expressions of X, Y in terms of physical fields. The problem of finding 
the explicit form of X, Y which satisfy (|3.l| ) and are not removable by field redefinitions 
of the form 

T a a ^T^ + D {a 5E p) a , (3.2) 



is equivalent to solving the spinorial cohomology problem for the theory [31, ^7[. The case 



referred to here, i.e., when X, Y are functions of the physical fields of the theory, was 



dubbed in 34] 'spinorial cohomology with physical coefficients'. This is to be contrasted 
with 'spinorial cohomology with unrestricted coefficients', in which case X, Y are freely 
given superfields. The latter cohomology is summarised, for the case of lid supergravity, in 



table ( 2.1 2| ) of section 2.4. Spinorial cohomology with unrestricted coefficients is isomorphic 



to pure spinor cohomology [24, p3|, which has recently found application in the covariant 



quantisation of the superstring [12 



• All the components of the dimension-^ torsion are solved for in terms of (spinor 
derivatives of) X, Y, except for the Weyl spinor S. However, this does not imply that S 
is an extra degree of freedom, because its derivative Dr a Sp-\ (which is part of the Weyl 
curvature) is completely determined in terms X, Y, by the dimension-1 BI. Explicitly 

DT a S = MA a , 

11 



DT ab S = ADfX abJ + A^Y h __ MaM + l6A ab + 72A' ab , 

1 

— < 

3 



H nr c — _Ar> e Y _l9n4r ' X , . J. L , ,. . 4*1*2*3. vi4-is . , 

fi a\...a<z,(-> — la\...as,e 1 ^^[a 1 a 2 a 3 -^0405]^ ' n t {aia 2 a 3 \i 1 ...ig-f 1 |a 4 | 2 ,|a 5 ] 



(3.3) 



Note that once the deformation is turned on, i.e., for X, Y ^ 0, the Weyl curvature ceases 
to be flat. 

• At dimension 1 the SSBI's impose a number of equations which appear to be new 
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constraints on X, Y . Explicitly 
11 



AoX, 



0-10,2,' 



15300 



A' o Y aia2:b + —X. 



120 



2 

0.1O2, 



17 



21 



280^, 

h y 

1 27 a l a 2 



3360 



Y 



AoY 



(2) 



2/ 

aia,2,b 

405 



(li (12(13,6 



17 

^oyW „- — 

259 aio.2H3,& 

1080 a, 1080 2 

aia2Q3,fe 010203 

17280 2/ , 

grr 0102(13, ?> 



(11000) 



01012(13, ?> 



1080 2 

2^ ^010203, 



540, 
~37 



-Y 



AoX 



(i) 

ai ...04,6 



ai...ci4,o 



37 *i-o*,6 88800 

Inv . ™ X 2 , 60 2, 

^2 1J1 a\... 04, b T Qj^-ai...a,4,b ' 37 

30 y2 _60 y2 , ,20°' 

^2y2w 
r^j ai...a,4,b 



2l 

010203,6 



ai ...04, 



(10100) , 



66600 

01. ..04, 6 



-2// 



(10010) , 



(2) 



a\...a$, 



11 

2016 



^4 o X ai _ a5tb 



42 01...05,6 «l-«5, 



2/ 

ai ...05 ,6 



5 y2 

2 ai...a 5 , 

+ 41^ 



3K 



2/ 

01. ..a.5,. 



^ 2//// 

(I j . .../;-,./; ' I ''Oi...05,i) "f" 3 • I Ol...05 



1 ^ 1 r. 



(10002) , 



^^ai...a5,6 



^°X ai ... a5j0 + 3220,4 oy (1) 



ai...a5,fe 



840^ ... a6)6 



+ 840X 



2/ 

ai-.-os,. 



7980^...^, 



+ 58801^' 6 + 6720Y r 2/ " 



01 ...05,6 



756oy a 2/ .. a5ib 



+ 5600 



2//// 



ai...a5, 



(10002) , (3.4) 



where the quantities involved are defined in app. B. However, all these should follow from 
the dimension-^ constraints (|3.1|). This is expected merely on the grounds of representation 
theory. Namely, taking the tensor product of a spinor and the irreducible representations 
occurring in the dimension-^ constraints, leads to a number of irreducible representations 
occurring in the dimension-1 SSBI. These are exactly the ones we find above. Explicitly 



(00001) ® (11001) = (11000) e (10100) e (10010) e (10002) © . . . , 

(00001) © (10003) = (10002) © . . . . 



(3.5) 



In conclusion, no new constraints on X and Y occur at dimension 1. 

• The fact that we find no new constraints on X and Y at dimension 1 is a strong 
indication that the computation we have done is correct 7 , since any computational er- 
ror generically introduces extra constraints. This also implies that there are no bugs in 
GAMMA ill, 



7 The results in the previous publications pj| , [sof are not entirely correct. 
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• Apart from the purely geometrical description of lid supergravity in terms of the 
torsion, the system admits an alternative formulation in terms of a closed 4-form in super- 
space. The SSBI's for the 4-form were analysed in detail in [34] and constraints analogous 
to ([O]) were derived. It was also shown how to make contact with the supertorsion for- 
mulation, by deriving the expressions of X, Y in terms of the lowest, purely spinorial, 
component of the 4-form. Furthermore it was shown that these expressions should auto- 
matically satisfy the supertorsion constraints ( |3.1| ). In other words, the 4-form formulation 
implies the geometric one. 

The converse is less straightforward: If the geometric and the 4-form formulations turn 
out to be equivalent, the constraints ( |3.1[) will be the integrability conditions for the system 
to be equivalent to a closed 4-form in superspace. It is far from clear, however, that this 
will turn out to be the case. 

• The problem of computing explicit representatives of spinorial cohomology with 
physical coefficients is extremely complicated in general, even at order v" p . It was argued 
in p3|] that it would be advantageous to tackle this issue within the context of the 4- 
form (or the 'dual' 7-form) formulation of supergravity. In order to arrive at the deformed 
equations of motion and eventually at the lagrangian, one would still need to make contact 
with the geometric formulation of the present paper. In this sense the two approaches are 
complementary. 

• It was argued in [34] that no new constraints appear at dimensions higher than ^. 
We have seen that this is indeed the case at dimension 1. We expect this result to hold at 
higher dimensions as well. This means in particular that at dimension | the SSBI's simply 
solve for the corresponding components of the torsion. In practice, instead of continuing 
our analysis of the SSBI's at dimension | or higher, in order to arrive at the equations of 
motion it is more convenient to simply substitute the explicit expressions of X, Y in terms 
of the physical fields directly into the BI, along the lines of [ |30|[ . 

Let us briefly review the procedure. As we can see from (2.15) the dimension-! torsion 
component is given by the spinor derivative of the dimension-1 torsion which is, in its turn, 
given by two spinor derivatives on X, Y. Schematically: 

Ts ~ D a T\ ~ DlX + D 3 a Y . (3.6) 

The relevant objects to compute are then D a X and D a Y . To first order in f3, this can 
readily be done as follows. Recall that X, Y are assumed to be functions of the physical 
field strengths of the theory H, t, R. The action of the spinor derivative on the latter is 
known (from the undeformed theory) to lowest order in (3. Schematically 

D a H = t + 0{(3) , 
Dj =R + dH + H 2 + 0{(5) , 

D a R = dt + Ht + 0{(3) . (3.7) 



As noted before, the tensors X, Y are of order 0{(3). Therefore the 0{(3) terms in 
can be ignored as they would give rise to O{0 2 ) terms in D a X, D a Y. 

In appendix B, we use the described method to compute some of the relevant SSBI's 
at dimension | and 2, leading to equations of motion. 
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4. Summary and conclusions 



M-theory has, as far as we know, no coupling constants in which to do perturbation theory, 
and is therefore often viewed as a non-perturbative second quantised theory without well 
defined one-particle states. As a consequence, in order to avoid discussing the full theory 
we must rely on some kind of low energy approximation. At low energies the theory has 
eleven-dimensional supersymmetry and local Lorentz covariance, and one may ask which 
generalizations of ordinary eleven-dimensional supergravity are compatible with imposing 
only these symmetries. This may or may not yield a more general structure than a low 
energy approximation of M-theory. 

In this paper we implement these symmetries by the use of superspace. From the 
supervielbein one defines in a standard fashion the supertorsion and super-Riemann tensors, 
and derives their respective super-Bianchi identities which we refer to as the geometric 
SSBI's. This step has in fact introduced all three fields in low energy eleven-dimensional 
supergravity; the elfbein, the spin | field and the three-index antisymmetric tensor gauge 
field. This can be seen by setting the zero dimension torsion tensor equal to a gamma 
matrix which turns the SSBI's into the lowest order dynamical supergravity equations 
corresponding to all the three fields p^] . 



However, as explained in sect. 2.2, by using only the freedom of performing field redef- 
initions on the supervielbein and spin connection one finds that the zero dimension torsion 
component is in the most general situation actually expressed in terms of two unspecified 
tensor superfields, X and Y, in certain representations of the Lorentz structure group. 

In section || we have taken a step towards solving the SSBI's in terms of these two 
tensors by presenting the solution to linear order in X and Y of all SSBI's of dimension 
^ and 1. This solution is then used in order to obtain deformed equations of motion at 
dimension | and 2. The problem of finding explicit forms of the equations of motion is 
then shifted to finding out the structure of the tensors X and Y in terms of the physical 
gauge covariant fields, i.e., the Riemann tensor etc. This is a very difficult problem, much 
more complex than the corresponding problem in SYM, simply because the number of 
independent combinations of fields in the appropriate representations is large, but once 
the structure of X and Y are known the full theory is obtainable (as can be seen from the 
formulas in app. B). The analysis of X and Y is a kind of spinorial cohomology problem, 
discussed previously in the simpler case of super- Yang-Mills theory in ref . |3(J [32| . In the 
case of supergravity some results were recently derived in ref. |33|] , where the cohomology 
was solved to order £p. At this order the first possible non-trivial term appeared which turns 
out to be purely topological in nature and related to the 4-form quantisation conditions 
discussed by Witten in ref. [54|. The often discussed R 4 terms are expected at order 
and will require a substantial amount of work to analyse in full generality. Even the task 
of just writing down an Ansatz for X and Y in terms of the physical fields (obeying the 
undeformed field equations) looks formidable, since the independent combinations in the 
representations of X and Y at this dimension are counted in thousands. We would like to 
return to this in a future publication, but think that input of some other kind is needed to 
avoid that type of brute force calculation. 
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A different approach to finding the form of X and Y is to introduce also the superspace 
BI's for the gauge fields, either the one for the 4-form field strength only or in combination 
with the SSBI's for the dual 6-form potential. In the latter case the anomaly related term 
C?,X% in the lagrangian can be most naturally introduced in superspace via the generalised 
SSBI dHj = ii/4 A H4 + Xg. Once this is done the central role played by the dimension 
zero torsion is taken over by the lowest dimension component of the the 4-form H^, namely 
H a /3-/S as discussed in detail in p4| . Restricting this field affects the structure of the theory, 
e.g., setting it to zero leaves the theory in the lowest second order form |26[| . More important, 
however, is that the deformation in the geometric sector can probably more easily be derived 



by relating it to the deformation in the gauge sector, as emphasised in [34, 38]. 

In fact, the geometric sector of the superspace version of the theory may be viewed as 
secondary to the gauge sector. That is, since the supertorsion tensor appears explicitly in 
the component equations of the gauge SSBI's one can obtain the geometric deformation in 
terms of the deformation in the gauge sector and consistency will probably also require the 
geometric SSBI's to be satisfied. The cohomology tables presented in sect. ^ have a bearing 
on this issue. As one can see by comparing the tables, the geometric and gauge systems 
do not seem to be in a one to one correspondence, a fact that is not yet understood. 
The differences were discussed in sect. ^7], where some of them where explained. Some 
differences remain obscure, however, among them the question of the existence of a closed 
4-form in the geometric formulation. Perhaps the most efficient way to proceed will in the 
end turn out to be to use all the SSBI's simultaneously, provided the discrepancies between 
the cohomology tables are not a symptom of any deeper structural differences between the 
two systems. 
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A. Undeformed lid supergravity in superspace 

The nonzero components of the supertorsion and supercurvature of undeformed lid super- 
gravity are given by 

T a p c = 2(r c ) Q/ a 

T af P = ((T bcd )^H abcd + \{V ab< ^)^H ab A (A.l) 

(the field strength H is related to the torsion component A used in this paper by H = — 6A) 
and 



Ra/3ab = — 2 ([T cd ) a p H abed + —(I \bcdef) a pH cde ^j 

Robed = —(XbT c d)a — (XcTbd)a + (XdTbc)a ■ (A. 2) 
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Note that the Lorentz condition implies 



RabJ = \RABcd{T cd )J • (A.3) 

The action of the spinorial derivative on the physical field strengths and their equations of 
motion are given by 



D a H abcd — — 12(r[ ab T crf ])o, 
1 

T 

D a R a bcd = 2D[ a \R a \ b ] cd — T ab e R eacd + 2T[ a \ a e R e \ b ] cd (A. 4) 



DaTab 13 = -R a bcd(r Cd )a^ ~ 2D[ a T b ] a 13 - 2T[ a | Q , e Tj b ]/ 



and 



D[ a H bcde } — 

D f Hf abc = - - - 2 e abcdl ,..rf 8 H dl ~ dA H db ■■■ ds 
(T a T ab ) a = 

Rab ~ \]abR = ~ (H adfg H b d fv - ^rj ab H dfge H d ^ . (A.5) 

The above equations can be integrated to an action whose bosonic part is given by eq. 
0). 

B. Solution of the SSBI's 

In this section we present the full details of our solution to the SSBI's at dimension ^ 
and dimension 1, and partial results (deformations of the equations of motion) at di- 
mension | and 2. The procedure was explained in the main body of the paper: the tor- 
sion components are expanded in irreducible representations as in ( 2.10[ ) of section 2.5 



and substituted into the SSBI's given in equation ( |2,15 ). By appropriately contracting 



with gamma matrices one then projects onto each irreducible representation. The fields 
H abed ■= A abcd = -2A' abcd , tah' 1 , R abc d, are the only ones that are non-zero in the ordinary 
(undeformed) eleven-dimensional supergravity. All other superfields are of linear order in 
the deformation parameter 0, as explained in section |3|. In the following we discard terms 
of order O{0 1 ). This is the only approximation we use. 

A note on notation: A tilde denotes a spinor superfield {e.g. S). A numerical superscript 
n on the superfield A denotes a superfield A n sitting at # n -level in A. 

B.l The dimension-i SSBI's 

The SSBI at dimension | reads 

= R(a/3'y) d = D(aTf3~A d + T/ a fi E T\ E \ 7 ) d . (B.l) 
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It decomposes in irreducible representations as 



(00001)® s3 ® (10000) = 

2 x (00001) © (00003) © (00011) © (00101)© 

2 x (01001) © 3 x (10001) © (10003) © (11001) © (20001) (B.2) 



Since the SSBI involves the fields at 6 1 -level in X and Y, we also need to expand D a X aia2 ^ 
and D a Yai...a B ,b hito irreducible tensors. Explicitly: 

DY ai ,„ a5tb = 5 (r[ ai Ya 2 ...a 5 ]b + r b^ai...a B ) 

+ 10 ^r[ 0ia2 y g 040B ] 6 + T b [ ai Y^ 2 ag ] + ^[^...a^as]^ 

+ 10 ^r[aia2a 3 ^a 4 a5]6 + ^b[aia 2 ^a 3 a 4 a 5 ] + -^^2 ^030405] 

/ 1 1 18 1 \ 

+ 5 I T[ ai ... ai Y a ^ b + rfe[ aia2a3 y a4a5 ] + -jr , nb[a 1 ^a2a:iY a4a ^ I 

+ ^rai...a 5 ^6 + rf)[ai...a4^a 5 ] + ^%[ a i^ a 2 a 3a4^a 5 ]^ 
+ ^aL.as.b + ^'[a 1 Y a 2 ...a h \,b + 10r [ai«2 ^30405] ,b 

+ lOr^^ 1 ^ + 5T [ai ... a4 Y a \], b (B.3) 



and 



a 2 ]b) 



~^a\a 2 X b 



+ 2T [ai Xl a 2 ],b + X lia 2 ,b ■ 



(B.4) 



The inversions which we will need later are 



a 1287 ij,a , 

1 4 i 1 V 

x a ia2 = j^(r l Dx aia2!i - -r [ai | y DJy- 1 02] ) , 
1 10 3 

X a u a 2 = Yrf( TtDXi ( a ^ a 2) + ^5 r (ai| l,?jDX ul,i2)) > 

(B.5) 
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yl _ J_/ri ny p ijny _ _p ijkjyy 

I ai...as 195 lyl ai—as,i 1 [oi ±yl a 2 ...a 5 ]i ,j [0102 030405]^/', fc 

1 _p ijklyyy j J_-p ijklmyxy \ 

' g [aia2a3 1 a^as]ij k ,1 * 24 [ a i--- a 4 1 as]ij kl ,m J > 

1 4 3 

•yl _ / pi? ny _|_ _P ny _p ijfci ny 

2 ai...a4 312 LJI ai...a4i,j 1 5 [ a i 0203a4]y,fe -^q [ a i<2 2 0314]^'*:^ 

1 



_ J_r r ijklmjjY ..... 



2^ [010203 04jijret,m/ : 

1 3 3 

yl _ Cpijk ny _ _p ijfet ny __p pmny \ 

1 aia 2 a 3 — 936 ^ 1 aia 2 a 3 tj,k 5 I a i a2a3fo'M 20 [ a l a 2 az]ijkl,m) > 

1 9 

yl _(T'i"ny 1 _p ijklmyyy \ 

1 aia 2 ~ 3510 aia 2 ijk,l ~r 1 [ ai 1 a2 ] ijkl,m) j 

yl _ pijklm ny 

61776 ijklm,a > 

1 fi 

yl _ Cpijkl ny _p ijfclmny \ 

2 ai,a 2 — 5616 lyI ijkl(a 1 ,a 2 ) 35 ( ai l ijklm,\a 2 ) ) 7 



(B.6) 



where the ellipses stand for the irreducible representations which drop out of the SSBI's 
and will not be needed in the following. Plugging the above and the explicit expressions 



for the torsion components ( 2.10 ) into the SSBI, we get 



Ail...a5 — 


-5Y 1 


(B.7) 


Z a l...aA = 


_13 y i 

^ ai ...04 


(B.8) 


Z a \...ai = 


39 yl 

^ J Oi...a 3 5 


(B.9) 


Z a b = 


V 255 - 
8 ab 112 ab ' 


(B.10) 


Z'ab = 


1 V + 2 V 

g ^afe "r -j^g 1 abi 


(B.ll) 


S a = 


693 ! 198 , 
460 a 115 a 


(B.12) 


Z a = 


221 , 741 , 

y y 

920 a 1610 a ' 


(B.13) 


K = 


_^ + — 

460 a 115 a 


(B.14) 


z = 




(B.15) 


z> = 


-is 

44 ^ 


(B.16) 


Y 1 

1 a\...a$,b 


0, 


(B.17) 


Y 1 

1 ala2,b ~ 


j 0102,6' 


(B.18) 


S a ,b = 




(B.19) 
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B.2 The dimension-1 SSBI's 



We now turn to the SSBI's at dimension 1. There are two such equations, namely 

R a /3c d = ^D^ a T^ c d + D c T a/3 d + T a/3 E T Ec d + 2T c ( Q B Tj B | /3 ) d , (B.20) 

-R(a/3 7 ) 5 = DfaTp^ 6 + T( Q( g £ Tj B | 7 ) 5 . (B.21) 

These decompose as 

(00001)® s2 <g> (10000)® 2 = (00000) 3 x (10000) © 3 x (01000)© 

2 x (00100) © 2 x (00010) © 3 x (00002)© 
2 x (10002) © 2 x (10010) © 2 x (10100)© 
2 x (11000) © 2 x (20000) © . . . (B.22) 

and 

(00001)®* 3 © (00001) = (00000) © 2 x (10000) © 3 x (01000)© 
3 x (00100) © 3 x (00010) © 4 x (00002)© 
3 x (10002) © 2 x (10010) © 2 x (10100)© 
2 x (11000) © (20000) © . . . , (B.23) 

respectively. We will need the # 2 -level expansion of X a ^ c , Y a bcdej- We have 

(00001)®" 2 © (10002) = (01000) © 2 x (00100) © 2 x (00010) © 2 x (00002) 
5 x (10002) © 4 x (10010) © 3 x (10100)© 
2 x (11000) © x (20000) © . . . (B.24) 

and 

(00001)®" 2 © (11000) = (01000) © (00100) © (00010) © (00002) 
2 x (10002) © 2 x (10010) © 2 x (10100)© 
2 x (11000) © x (20000) © . . . . (B.25) 
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Explicitly we expand 

jQ D [a D f3] Y ai ...a 5 ,b 

— r, e Y 2 -i~r,r e Y 2 -\--n,< v e i e 2v 2 

^ [0.1(12 1 a 3 a 4 as]be ~ ^ o[ai ± a 2 ...as]e ~ j 'lb\a\ a 2 x a 3 a 4 a^\e\e 2 

1 6 

j (r, eiezezY 2 ' _i_ p, . eie 2 e 3 vA2/ , p ei...e 4 -y^2/ \ 

g V [ai...a 4 a 5 ]be 1 e 2 e 3 ~ 1 b[a 1 a 2 a 3 ± a 4 a 5 ]e 1 e 2 e 3 ~ j'lb^ 1 a 2 a 3 a 4 * o B ]ei...e 4 / 

fi 

, -p e^2 _|_r,r e Y 2 — -n, r T eie 2 ^2 

t J- [ ai a 2a3 - 1 a 4 a 5 ]be ' L b[a-ia 2 1 a 3 a 4 a 5 ]e ^7b[ai- L a 2 a 3 1 a 4 a 5 ]e!e 2 

1 £i 

_i_ _ (~T~* eie 2 e 3 y;2/ _|_T\r eie 2 e 3 T^2/ __n,r F ei...e 4 ^2/ N 

T gl 1 a l-«5 beie 2 e 3 ' b\a\...a 4 1 a 5 ]eie 2 e 3 ^ 7b[ai - 1 - a 2 ...a 5 J - , ei...e 4/ / 

+ r[ ai a 2 a3^i 4 a 5 ]6 + ^6[aia 2 ^a 3 a 4 a 5 ] ~~ y %[ai ^0.20.3 ^ 4 a 5 ]e 



+ 2^ ai --- as 1 2 ^beie 2 r&[ai...a 4 1 2 ^a 5 ]e!e 2 y%[ai ^02... as] 1 2 3 ^eie 2 e 3 ) 
+ r[ ai ... a4 l^ l5 ] fl + rb[a ia2a 3^j 4a5 ] + ^%[ ai r a2 a 3 a 4 ^j B ]e 

-4--(r, ,eie2y-2 1 p eie 2 -i^2 ^ 

^ 2 ^ l aia2 l eie 2 |a 3 o 4 a 5 ],fe T 1 %l| J eie 2 |a 2 ...,a 5 ]/ 

-4-— fTr eie 2 y2l 1 "p eie 2 y2/ , ^ p eie 2 e 3 y2/ \ 

2 L^l^a I ^ eie 2 \a 3 a 4 a s ],b ~ ^ [aia 2 \ x eie 2 b\a 3 a 4 ,a 5 ] ~ j a 2 \ eie 2 e 3 \a 3 a 4 ,a 5 ]J 

I fp. ei...e 4 T^2// _|_r,r ei...e 4 ^2// \ 

24 w a l--- a 4 - 1 ei...e 4 |a 5 ],6 ^ - 1 - o[aia 2 a 3 | -< ei...e 4 |a 4 ,a 5 ]/ 

1 _/p r ei...e 4 T^2/// 1 p ei...e 4 -i^2/// 

24 V l a l--- a 4 - , ei...e 4 |a 5 ],6 "i" 1 [ai---a 4 | 2 ei...e 4 6,|a 5 ] 



35 

ta2//// 
ai... 0.5,6 



94 

-4-_r?,r F e 1 ...e 5v 2w \ 



_i_ p e-^2 , p e-y2 _ __ ri p eie 2 -i^2 

"r ± [aia 2 | 2 e|a 3 a 4 a 5 ] ,b ~r 1 b[ai | 1 e|a 2 ...,a 5 ] '/b[ai 1 a 2 2 eie 2 |a 3 a 4 ,a 5 ] 

1 p ey2l 1 p e-y^2/ _ p eie 2 -y^2/ 

^ 1 [aia 2 | 1 e\a 3 a 4 as],b ' L [aia 2 \ 1 eb\a 3 a 4 ,a 5 ] rj'lb[ai L a 2 \ 1 eie 2 \a 3 a 4 ,a 5 ] 

1 e 1 e 2 e 3 y2» , p eie 2 e 3 -y-2// 

' g V [ai---a 4 | J e\e 2 e 3 \as\,b ^~ x o[aia 2 a 3 | -< eie 2 e 3 |a 4 ,a5] 

In,, r ei...e 4 y-2// ^ 

2g'lb[a 1 1 a 2 a 3 a 4 \ 1 e 1 ...e 4 ,\a 5 ]J 

1 5 
-4-t(r< e\e 2 e 3 y2tll , p eie 2 e 3 -i^2w __n,r T ei...e 4 y-2/// ^ 

^ g V 1 [ai...a 4 | - f eie 2 e 3 |a 5 ],6 "r x [ai...a 4 | 2 e 1 e 2 e 3 6,|a 5 ] y '/b[ai 1 a 2 a 3 a 4 - 1 ei ...e 4 ,\a 5 \) 

2 2 ^ 2 

+ r[ aia2a3 | ^ e | a4a5 ] 5 b + r^[ ai a 2 Y e \a 3 a 4 ,a 5 ] ~ ^%[ai T a2 a 3 ^eie 2 |a4,a 5 ] 

1 p. , e V 2/ — V, , e Y 2 ' — -n, r T eie 2 -i^2/ 

^ i [aia 2 a 3 | ^e|a 4 a5],6 [aia2<J 3 | eb\a 4 ,a 5 ] <j 'lb[a\ A a 2 a 3 eie 2 \a 4 ,as] 

, 1/p eie 2 e 3 TA2// . p eie 2 e 3 -i^2// N 

T gV 1 fl l- a 5 - 1 eie 2 e 3 ,fe "r 1 6[oi...a 4 | e 1 e 2 e 3 ,\a 5 ]J 

2 ^ 2 

+ -^[aia 2 a 3 ^a 4 a 5 ],fe ^%[air a2 a 3 | ^|a4,a 5 ] 

1 ifr eie 2 T^2/ _i_p, r eie 2 T^2/ \ 

T 2\ a l-°5 2 eie 2 ,6 T 1 6[oi...a 4 | eie 2 ,|a 5 ]y 

+ r[ ai a 2 a3a4^a 5 ],fe + ^%[a! Ta 2 a 3 a 4 | ^e,|a 5 ] 

+ ... (B.26) 
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and 



... (T>. eie 2 e 3 y2 _T\ e l e 2 e 3Y" 
_ « ^ [01 ^-a 2 ]6eie 2 e 3 1 6 A 



6 
1 



_„ "pei...e4 t^2 

..va 2 eie 2 e 3 ^Q'lb[ai L 



I x /p p eie 2 x^2 p eie 2 y2 

+ 2V i [oi A a 2 ]6e ie2 ~ 1 6 A 



i /p eie 2 y2 _p, r eie 2 y2 i ° „, . p eie 2 e 3 y2 \ 

r 2 V a l fl 2 yv be 1 e 2 1 o[ai vi a 2 ]eie 2 T '/o[ a l 1 a 2 ] ^eie 2 e 3/ / 



3 

To 

3 



—-n,, peie 2 e 3 -^2 

aia 2 eie 2 ^Q">l a l 



% [ai l — A a " 2]ei e J 

2 \ 

a 2 ]eie 2 e 3 / 



+ r aia2 e x fce - r b[ai e x a2]e + — %[ ai r a2 ] ei62 x, 



2 

eie 2 



+ _(r eie2e3 x, 



2 _ peie 2 e 3 t^2 \ 

eie 2 e 3 aia 2 ,6 eie 2 e 3 6[ai,a 2 ]/ 



-2/ 



j fp ei...e5 y2/ _p ei...e5 y 

120 ^ 2 e 1 ...e 5 ,b L b[ ai ^ ei . ., -, |„_, 



l) 



-I- -fFr , e l e 2 e 3 V2 

6 V [oi| eie 2 e 3 |a 2 ] 



p eie 2 e 3 y2 pei...e 4 -^2 

L 6 ^-eie 2 e 3 [ai,a 2 ] 2 /fc [ ai l ^ei...e 4 ,|o 2 ] 



+ g( r [«i| ei6263X e^ 2 e 3 |a 2 ],fe + r [ai| eie263 ^e' e2e3 6,|a 2 ] + g Vb[ ai | ^ '"^ X l[...e A ,\a 2 ] ) 

+ 2 (^[oil 1 2 ^eie 2 |a 2 ],fe ~~ ^ft * 2 ^eie 2 [ai,a 2 ] + ^%[ai|T 1 2 3 ^eie 2 e 3 ,|a 2 ]) 

1 21 2/2 2/ 

+ 2^^ ai \ eie2Xe i e 2\o-2],b + ^[ai\ eie2X e' 1 e 2 b,\a 2 ] ~ J^^il^ 1 ^ 3 X e' 1 e 2 e; i ,\a 2 ]) 

+ ^(r ai a 2 1 2 X ei e 2 ,b — r" 6 [ ai | 1 2 ^ eie2i | a2 ]) 



2/ 

aia 2 ,6 



i P e V"2 p e x^2 
+ 1 H12 A e,6 _i 6[ai| A e,|a 2 ] 



+ ... . 

Let us also note that 



(B.27) 



2 D (a D f3)X ai a 2 ,b =2 



2{T l] ) a pA ij[ai \ c - -(T [ai \ a:)kl ) a f 3 A' i 



ijkl 



X, 



c\a 2 ],b 



+ 



ijkl 



x, 



a\a 2 ,c 



- 2(r / ) Q/3j D/X aia2)b 



(B.28) 



and 



2-D( a - D l 3)^oi...a 5 ,& ~ 5 



+ 



2(r iJ ) a/3 Aj j[ai | C - -(T[ ai \ ajkl )a/3Ajkl 
1 



^c|a 2 ...a 5 ],fe 



2(r y ) Q/3 ^ ife c - -(T b cljkl ) a/3 A' ijkl 
-2(Tf) al3 D f Y ai ... a5 , b . 

We are now ready to project onto each irreducible representation. 



ai...a5,c 



(B.29) 
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The singlet 

From the 1st SSBI we get 

(T bc ) a P R af3bc = -14080A . (B.30) 



From the 2nd SSBI we get 



9856A + UD a S a . (B.31) 



Eqs. flQc| , P3TD give, 

DS* = -4224A . (B.32) 

T/ie vectors 

From the 1st SSBI we get 

(T b ) a ^R a/3ba = 2DT a S + 1280A* + 128^ , (B.33) 

{T c ) af3 R a p ac = 2DY a S + 14084, , (B.34) 
= 5 bc {T a ) af3 R a(3bc = 22DT a S - 12804 a + 128^ . (B.35) 
From the 2nd SSBI we get 

3(r e )^(r ea ) (5 ^ (a/37) 5 = %{Y b ) a PR a p ah 

= 2QDT a S - 10240^ a + 12804 , (B.36) 

3(r a ) a/3 (5,5 7 i?( Q/ g 7 ) 5 = (T b ) alS R af3ab 

= 34DT a S - 128(L4 a + 21764 . (B.37) 



From eqs. we get 



DT a S = 6AA a , 

A' a = -A a . (B.38) 



The 2-forms 

From the 1st SSBI we get 



(r[ai| fc ) a/3 ''R a /3b\a 2 ] ~ 2DT aia2 S —D e X aia2:£ 

209664 9 29952 , 



64 .,■ ,•_ , 2288 .,■ ,- 

2 ^ x H...i4[ai,a 2 J gg - f «i...i 4 [ai,a 2 J 

128A aia2 + 1152< 102 , (B.39) 



- 33 - 



c a(3 ~ 224 

(^[ai^)" Ral3\a 2 ]c = 2DT aia2 S - -^-D e X aia2fi 

209664 - 29952. 

•Qg aia2 23 a i a 2 



96 

-^■■■^y n .., 4[ai)a2] - 128(L4 aia2 , (B.40) 



= 6 bc (T aia2 ) a PR a p bc = 22DT ala2 S - 64D e X ai 



a 2 ,e 



Q9 39 

__An-i4y. i _ jIi-mv .. . 

2 ^ J ii...i 4 [ai,a 2 J ^3 J ii...J4[oi,a2j 

- 256^ aia2 - 1152< a2 . (B.41) 



From the 2nd SSBI we get 

3(r aia2 ) Q!/3 (5 ( 5 7 i?( Q/ g 7 ) 5 = -2(r[ ai | 6 ) Q/3 i? Q/3b | a2 ] 

_ 382 ~ _ 349696 

— u*- aia2° 3289 ^a\ai,e 

5359104 2 , 1552896 2 
1265~~ aia2 + 253 aia2 



^Jii-i4y . r . 118688 ^i...uy . r 
2 ^ J n...z 4 [oi,02j ' 9867 J n...i4[ai,a2j 

256^ aia2 - 1152< ia2 , (B.42) 



3 ( r [ai) Q!/3 ( r a2])5 7 - R (Q/37) <5 = 



-DT aia2 S+^D e X a 
2875392 „ 1198080, 



+ 1265 Xaia2 253 Yaia2 

,^ A h...u Y . 3200 Vii...»4y 

3 J n...?4[ai,a2j y^g ^ J ii...i4[ai,a 2 J 

-2048A aia2 -1152^ ia2 , (B.43) 



3(r e ) Q/3 (r eaia2 ) 5 7 i?( Q/37 ) 5 = i4(r[ ai | b ) a/3 J R Q , ( g b | a2 ] 



10639872 n 14685696 



" • v 'z 2 

253 aia2 253 aia2 
i 00411-147. 13536 rtl j 4 

T J ii...i 4 [ai,a 2 J 3289 J n...i4[ai,a 2 J 

- 2304^l aia2 - 10368< ia2 . (B.44) 
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From eqs. we get 



^DT ab S = 4DfX abJ + A h - i4 Y h , M[a>b] + 16A ab + 72A' ab , 

A ab = -^^( 1636jD/ ^./ + IMQA'^Yi^afl) 
18 -r2 , oecv2- 



■(87X4 + 365y a i) , 



7705 

A ' ab = 480^92 (1056jD/Xa6 ' / + 881A<1 '" i< ^i-**M) 
+ ^(1907X^-213^) , 
^ il - i4 ^ 1 ..i 4 [a 1 6] = -2A /il - i4 y il .., 4M . (B.45) 



Note that the last line is redundant, as it is implied by the zeroth order equation A,i 
—9 A' 

The 3-forms 

From the 1st SSBI we get 



(Xaia 2 az ) Rafibc = ~ ~^£[aia 2 \ii . . .ig A 1 4 Y 5 9 + 192A [ aia2 1 -X^^] 
o 

^ c [aia 2 |Ji...«g r:l ■* ,|a 3 ] [aie^K^N] 

- 7168^ aia2a3 , (B.46) 



9 

fp \cef3 jj _ Afii...i4\^l5...ig Atj y- 

\ L [a\\) rt a / 3|a2a 3 ] — ^ t [a 1 a 2 \i 1 ...i 9 ^ ± 1 ,|a 3 ] [oioal-^yMoa] 

- 128A aia2a3 . (B.47) 



From the 2nd SSBI we get 



3 ( r [ai) Q/3 ( r a2a 3 ])5 7 - R (a/37) <5 = ~ 15 ( r [ai | R a /3\a 2 a 3 } + a x a 2 a z bc )° l13 R, 



- 2D r 9_l^x 2 146432 F 2 

_ 1597440 2/ _ 

23 2 aia2a3 J-^u^ai 0,20.3 T J - u ^ t/1 a:ia2a3 
_|_ ,. . i4V»5— »9 . , I AH, ,X--, 1 

15 l. ai ° 2 l l i— 19 >l a3 l 23 [oi<»3| A y,|o3j 

+ ^'".^ + 192^ [oia2 |%, | a3] , (B.4* 
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3(r[ aia2 ) a/3 (r a3 ])5 7 i?( a/ 3 7 )' 5 — (r[ ai |) a/3 i? aj a| a2a3 ] + -(r aia2a3 bc ) Q/3 i? Q/gbc 

6 - 6404608 2 611328 2 

H 010203° "T ]^265 a l a 2 a 3 253 a l a 2 a 3 

3522560 2 , , 
~l 1112013 I^"^aia2ii3 ~~ lu24A aia2a3 

^_ e . ,. . 4i1.-i4yis.-i9 , 797504 

^g c [aia 2 |ii...49 ri J ,|03j ~ 3289 [oi^l^-ijjlasj 

21634^ 4%...i 4 ^i 6 ...i 9 , inoj/ij y- 

148005 L a l a 2|*l— *9 'l a 3l ~ ^asx [a 1 a 2 \ yl ij,\a 3 \ > 

(B.49) 

3(r e ) a/3 (r eaia2a3 ) 5 7 i?( a/37 ) <5 = -24(r[ ai |) a/3 i? a/3 | a2a3 ] + 2(r aia2a3 b6 ) a/3 i? a/3fec 

80 ~ 23052288 2 6889472 2 

ai«2a3 u "r" 1265 a i a 2 fl 3 253 a i fl 2a3 

_ 14008320 2/ _ 

4 A n...u Y n...i* 3891072 . ■ 

"T -^g fc [aia 2 |«i...i9^ 1 2 ,|a 3 ] 3289 [*1°2| ijilos] 

6496 .... 

49335 [ a l a 2l*l...*9 .l a 3] 'OO^ 1 [aia 2 |^ij,|a 3 ] ■ 

(B.50) 

A useful identity is 

3 

t aia 2 a 3 2i...i 8 ^ 1 -fj — 2Q I" 1 " 2 !* 1 -"* 9 'l a3 l " \^-Oi) 

From eqs. ( |B.46| - p^50| ) we get, 
A' — 4 

^aia 2 a 3 ^aia 2 a3 > 

_ ^45 7 „ 193 yji 1 ...i4yi B ...i 9 

^-aia 2 a 3 66976 ^ aia2 J, l a3 l 4592640 [ a i a 2l*i...«g^ - 1 ,|a 3 ] 

- 2i^( 593X ™ - 60y ™ + 29ooy a 2 ; a2a3 ) , 

- 1546236 14671 

^1 aia 2 a 3 ^ — 2093 [«i a 2| *.?il a 3] 35880 [ aia2 n ■■■* 9 >l a 3] 

+ T^( 7239X a 1 a 2 a 3 + ^^a,*, + 71100^ J , (B.52) 

by imposing the conditions 

AW< iX-.i , =-9 4'y , X. . , 

... 411—14 yi5— »9 . . — _o f : r .. . Atix—iAxrib— 19 , 
c laia2|*i-..«9 >|a3j ic [aia 2 |«i...«9^ 1 - 1 ,|a 3 J 1 

which are implied by the zeroth-order equation A ai ... 04 = — 2^1^ a . 
T/ie 4- forms 

From the 1st SSBI we get 

(raia 2 a3a4 ) ^ Raf3bc = 512^4 ^ [ail^ij k\a 2 as ,04] ~\~ 1024^4 ^ [ai | ^ij fc|a 2 a 3 ,a4] 

" 5376< l0203a4 , (B.53) 
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f-n \a/3 r> Aijk y _ A'ijk y 

\ L [aia2|J - rL a/?|o304] — 3 [01 1 1 ij'fc|a203,a4] 3 [ai | 1 ijfc|a203,04] 

+ 128Auo2o 3 o 4 . (B.54) 

From the 2nd SSBI we get 

3(F[ ai ) ^ (X 0,20,30,4]) 5* 1 R{a(3^) = 2 X 0,1020,304 ) ^ Ra(3bc 

2080512 „ 1400320, r2 

~ 1265 a i a 2a3a4 ' 253 aia2a3a4 

6266880 ,. 2/ 774016 . ilfoi , „ 

253 0x02030/4 ' 3289 *l*2*3|0203,04j 

_ 660480 ^ 14 ~ 

3289 J *i*2*3|o203,o 4 ] ' 11 01020304° 

+ 1792A oia20304 + 896< ia20304 , (B.55) 



3(T[ a:La2 ) ^(r a3a4 ])5 7 i?( aj a 7 ) — 14(r|" 0l02 |) ^-R a/ 3|a 3 a 4 ] + 2(^01020304 ) ^Ra/3bc 

_ 2080512 2 1400320 2 

_ 1265 a i a 2 a 3 a 4 ^ 253 01020304 

6266880 _ 488960 ili2i3 

253 01020304 3289 *i*2«3|0203,a4j 

2228480 14 ~ 

9867 - £ lll2*3|0203,04j ~ \\ aia2a3a4 

+ 896A' a4 , (B.56) 



3(r e ) 01020304 )s^R(af3'y) — 42(r[ oia2 |) /3 ^ aj a|a304] + r, (-^01020304 ) ^ Raf: 



2080512 , 7001600 - 

V£ _|_ Y/^ 

253 a l a 2«3a4 ' «ia2a3«4 

31334400 3449088 

253 01020304 ' 3289 l ai l n*2*3|o203,04] 

2°™?°a**S . Y . ... 1 + ^ r 5 

3289 [oi|- f Ji*2*3|0203, 04] T 11 01020304° 



+ 3584A aia2a3fl4 + 9856A' aia2a3a4 . (B.57) 

From eqs. ( |B~53lp^) we get 



A — —9 a' - nr 9 

^•■01020304— ^^01020304 1408 a l a 20304' J 

_ 1161 2 5470 2 

1265 4 ^771 "1020304 

_ 24480 2 , 21783 <1<rtt 

1771 a i Q 20304 4 6 46 loi|- t n«2«3|o203,o 4 ] » 

4*1*2*3,. ,y . . , _ _o4'*i*2*3 r y. . . cqa 

[ai| - 1 11J2«3|0203,04] [Ol I ± 1112*3 |0203,04j ' yu.au) 

Note that the second equation is implied by the first one. 



-37- 



The 5-forms 

From the 1st SSBI we get 

rr b\a/3 r> _ „ nr 5 69888 2 49920 

I 1 [aia 2 a 3 a 4 J ^a^as] — ^i 71 ai ...a 5 " , -, - ^ai...a 5 1 a\ 



115 " 0l "- a 5 1 ]^g^ -ai...as 

_ 99840 2/ , 1536 

161 2 ai...06 115 ^ I a 1 ...a B ,e 
2272 

T 1^%...^ -^Q2g fc [aia 2 a 3 |ii...j 8 ^ 1 ,|a B ] 

+ 256^4[ aia2a3 *X a4a5 ] 5 j 

_|_7fiS4 / 2656 .. . Alixwz. ,V!4-i8 

IUO/1 «l...tt5 T ^Q2g C laia2<l3|n---«8^ 1 l«4r ,|05j 

44288 4' *Y fR^ 
23 /i [aia 2 a 3 ^a^a h \,i > I^O.oy; 



fr e^o _ 2Dr c_^ Y 2 , 49920 2 

V 1 [aia 2 a 3 a4 J ^a/^lasjc ai...aB° ^ai.-.as ' a i 



ai...a 5 



99840 2/ ,^i D e y 

"'ai ...or, T . , _ -t-' -la 



161 a i--- a - r ' 115 - I ai...a5,e 

224 ■ ■ ■ 

1 aq«4 j Pr .. . 4»H2t3. ,y»4— »8 . . 

T OSU^n..^ t ^gt[oiOjOs|li...»8-' 1 Kl 2 ,|a 5 ] 

768A[ aia2(J3 X aiCL5 ^i 

-— fI ,. . /C'i'2'3, .yi4...i 8 . _ 3072 , j 

345 20,3 4 5 23 [ aia2a f a 4 a sJ,« ' 

(B.60) 



= 5 bc (r ai ... a5 ) al3 RafSbc = 22DT ai ... a5 S + 6AD e Y t 



a\...ae,,e 
32 

-r uiUYi ai ... as c [aia 2 a 3 |ii...i 8 ^ 1 |a 4 | J ,|a 5 ] 

+ 1280yl[ aia2a3 i X a4a5 ] i j 
32 

lum oi...os ~ g c [aia 2 a 3 |ii...j 8 ^ 1 a 4 |-< ,|a 5 J 

" 1280Aj aia2a3 l X a4a5] , . (B.61) 



From the 2nd SSBI we get 

3(r[ ai ) ^(r a2a3a4a5 ]),5 7 i2( Q , ; g 7 ) = — 3(r[ aia2a3a4 | ) ^R a p\a 5 ]c 



W 466176 o 9795840 _ 

-q a i--- a s^ "r ^265 ai --- a s 1771 a i--- a s 
9553920 ~, 179456 _ 

1771 1 a 1 ...a 5 16445 2 «l-«B,e 

430432 ... . 

-I- ±uu<te± 0l ... a5 -f 14 gQQg e [oia 2 o 3 |?i...i8 yl |a 4 r ,|o 5 ] 

+ 256^4[ aia2<13 X a4a5 ] 5 j 

_7««4' 1 135584 4/iii 2 i 3 yi4...»8 

luu/1 ai...a5 ~ 148005 ^ aia2a3 l 11 "-* 8 l a4 l 'l as l 

6217472 ■ 

ooqq "^[010203 ^-04061,1 ' {D.VZ,) 



- 38 - 



3(r[ aia2 ) ^ '(r '030405]) o' 1 '-R(a/?7) (-^[ai 0212304 ) ^-^a/3|a5]c 

x 69888 2 49920 2 

— 2L>r ai ... a5 <S ai - as + 161 ^ai •••<--• 



99840 2 , 1 1536 

-^...as t ^5 ^ I ai...a 5 ,e 

2272 ■ • • 

1 192/1 ^ .. . AWHz t y«4-«8 i 1 

-T ±zo^.oi...a 5 -^Q2g fc [aia2a3|u---«8^ 1 ,|os] 

+ 1792A[ aia2a3 -^0405],? 

2656 
1035* 



2fi5fi 

J. 7fi«4' I ^ UL,U . 4/lll2«3. ,y»4-l8 . 

,uo ^ l ai...a5 t ^Q2^ t [aia 2 a 3 |ii...j 8 ^ L \a i \ 1 ,|o B J 

+ 26368 4' l X , fRfiSl 



3(r ) ^(r eaia2a3a4a5 ) < 5' ) 'i?( Q( g^) — 20(T[ aia2a3a4 ) @ R a fS\a 5 ]c 



60^ - 2380800 o 65280000 ~ 

H 01—05 253 01-05 " 1771 1 a 1 ...a b 

44313600 217600 _ e _, 
y n y 

1771 ai - as 3289 2a i- a 5,e 

99520 ... • . 

-1-38404 + ,. . zl*i«2*3 l ,y»4-t8 . . 

-+- 004U/la 1 ...a5 T t[a 1 a 2 o 3 |ii...?8 /1 M 1 ,|o 5 ] 

— 7680 J 4[ aia2a3 *X a4a5 ] j j 

2073R 

— Q2164' rr .. . 4'u«2i3, y«4...«8 
Jilu ' 1 «i...a5 3289 i aia2a3 l* 1 ---* 8 l a4 l 'l a5 l 

_ 29383680 , 

3289 [ a l a 2a3 o 4 a 5 ],i > ^o.uij 



3(r aia2a3a4<l5 ) ^ Sff 1 R( a (3^) — 5(r[ ai 020304! ) ^ Raf3\a 5 }c 



_ 386 - 258816 2 10387200 2 

— ~Y\ ° 1- ■■° B 253 01. ..a 5 "I *ai...a 5 

8371200 342272 

t" 1771 'oi...ob f 3289 u 'ai...OB,e 
1 23R80 

_l_fizLn/l r . .. . Ahi2iz t yi4-«8 . . 

Tu™^ ai . ii( , 6 29601 [°i 2°3Pi— »8 |o 4 r ,|a 5 ] 

+ 1280j4[ ai o 2 a 3 -^0405], i 

119456 ••• 

_ 7fiS4' rr .. . 4'U1213, yl4...»8 . , 

luon «i...(i5 ~ 29601 L a l020 3 |u— is^ 1 a,4| J ,|asj 

4747520 ■ 

3289 [010203 ^a 4 a 5 ],i ■ {D.VO) 
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The following identities are useful 

e , 4«1«2«3 Y i4 — is i = — — e r , 4*1*2*3 .yJM— «7 . . 

c «i...i8[aia2a3^ 1 <J4 - 1 ,05] ^ c ii...i7[ai...a4|^ 3 X ,\a 5 \ 

K 

— _,. . r >i»i...r4y-i5— «s 
J C «... 18 [01(1203 J 04,05] 

1 5 

— ^ c ti...i7[a 1 ...a4^ 1 asJ L 3 



r c ll...260l...Q5-' 1 - £ JK 



3 

— ( 
2 

— e- ■ r , 4 J l i 2*3J r V- ,M*5*6)*7 fR fifil 

2 € U...ir[oi...04|' /i r j|a5] ' (O.OO; 



From eqs. flB.59HB.65l ) we get 



A — f1f!979 A, i X 1 • 9Qi=r !■ • 4*1*2*3. xm— ?s 

^0102030405 lg(]264 ^ ^^'■[010203 ^0405], i ^ Jc [aia 2 a3|ii...j g ^ :l l&il ,|a 5 J 

120 6 



+ D e Y a , ar e + (4151X1 „ c + 8150y„i + 15325K? „J , 

20033 ui...u5,e 1 ggggg ^ a\...a,s ' ai...a,5 1 a\...a§j 1 

^a 1 a 2 a 3 a 4 ,a 5 = ~~ 2884752 (2569320A[ ai a 2 a 3 l ^a 4 a 5 ],i ~ 7819e[ aia2a3 1 j x ...j g A n%213 | a4 | y* 4 '"* 8 ) 

" 80132^-^ + io^ 4732J C.a s " 25(343^...^ + 73Y a 2 /... a5 )) , 
nr c — _Ar> e Y _i9n4 r *Y i • -I e, • 4*1*2*3, ,y*4.» «s . . 

g - L -' J - ai-.-as" — ^ tJ --' - £ ai...a.5,e ±z ' u ^ 1 [aia2a3 ^0405] ,i 1 ^ t [aia2<i3 |«i ■■■«8 \ a i\ il a s] 

— 40A aia2a3a4(l5 + 48j4 aia2a3a4ag (B.67) 

and 

, r ,. . 4U«2«3. ,y'4-«8 , _ ,. . 4'*i*2*3 .yu-ig , 

c [aia 2 a 3 |ti...i8 r:L |a 4 | J ,|a 5 J ^ c [aia 2 a 3 |ii...i 8 r:L |a 4 |- [ ,|o 5 J j 

^[a 1 a 2 a 3 t ^a 4 a 5 ],i = — 2^[ oia2a3 *X a406 ] ) i • (B.68) 

Note that the last two equations are redundant, as they are implied by the zeroth order 
relation 

A h .., 4 = -2^.., 4 . (B.69) 

The (20000) 'a. 

From the 1st SSBI we get 

n[(r a T^ bc ] = ^x* 6 + ^f^4 - i280S aj6 

QQ2 4544 
+ —A'^Y n , MaJb) + —LFX <aJb) , (B.70) 

n[(r aT ^] = ^fxl + ^y a 2 b - i28i? a , b 

_^4H...i 4 y; I 6512 A'ii-uy ., t , 

2 ^ - 1 n...i4(a,o) ~ n...i4(a,o) 

+ !II^M e(0j6) , (B.71) 
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where we have denoted by II the projection onto the hook-irreducible part. See app. C for 
a detailed discussion. 
From the 2nd SSBI we get 

3n[(r a )^(r fe ) (5 T J R (Q/37) 5 ] = -2n[(r a T^ a/ % c ] 

_ 55296 2 92160 2 

23~ X a,b Y a,b + ^U4tf 0j 6 

, 3616 aHl-Uv 6144 ne y m 79 a 

Implementing the zeroth-order relation A 01 ... 04 = — 2^4^ a4 we get 

' b ~ ~36432 y H-M(a,b) + 4554 A e(a,fe) + ^ A a,fe + ^ Y a,b ■ 

TTie (11000) 's. 

From the 1st SSBI we get 

64 2 

n[(r 6 )^i? Q/3aia2 ] = 64S aia2ife + —a o x aia2ib + —a' o y aia2ib , (b.74) 



n[(r [ai |)^i? Q/3 | a2]6 ] =~u[(r b )^R. 



6400 - 256 o 1 

U4:-O aitt2; 5 ^ Y a, 1 a 2 ,^ gg aia2,& 

14080 2 _ 89600 2/ 

gg aid2,b 23 a 1 a 2 ,b 

3008 2 
--^-AoX aia , 2 , b -—A'oY aia2 , b , (B.75) 



where 



A ° ^aja 2 ,6 e aia 2 n "' i9j 4i 1 ...i 4 ^i5...j9,fe e fe[ai|* 1 '"* 9 ^ 1 ...j4^5...i9,|a 2 ] ■ (B.76) 

From the 2nd SSBI we get 

3n[(r b )^(r aia2 ) 5 Ti? (Q/37) 5 ] = -i8n[(r b )^# a/3aia2 ] 

76800 v2 1024 v-2/ 

- -2304£? aia2)6 H ^— A aia2 fe + ^-A aia2 fe 

56320,,, 1075200,.. 

23 a i a 2,b ~ 2^ a\a2,b 

+ lr A Xaia2 - 6 " Tub A ' yaiaz ' b ' (B - 77) 

3n[(r 6[ai )^(r a2] )^i? (a/37) ' 5 ] = n[(r 6 )^i? a/3aia2 ] 

-198R 217600 Y 2 _ 269824 2/ 

i^or> aia2j b 090Q ^aia 2 ,fe QOQQ aia2,*> 



3289 " 1U2 '° 3289 
468480 2 _ 19532800 2/ 
+ 3289 aia2 ' b 3289 aiCl2 ' b 

172928 „ _ 508 „. ,„ „ n . 

AoIa,a,H A'oY a , aob . (B.78) 

9867 1 2 ' 40365 1 2 ' v 7 
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We get 



B, 



1327 v 2080 , 



2815200 
3040 „ 2 



391 " aia2 ^ > 39X aia 2 ,6 



y, 10640 ^ 

391 aia2 ' b 391 aii2,6 



4nY iL.'nV ^1^2 _80 Y 2, 



280 2 _ 3360 2, 

17 aia2 ' b 17 a l a 2,b ' 



JTie (10100) 's. 

From the 1st SSBI we get 

n [( r 6[ai|) - R a/3|a 2 a 3 ]] = 



128 1 

— B aia2a . j)b - 32(D[ ai X a2a3 ^ b - -r) b [ ai D l X, 



«2«:sJ 



3 (11(1203,0 3 (110203,6 3 aia2O3,0 ' 



(B.79) 



(B.80) 



n [( r [aia 2 |) a #a/3|a 3 ]b] ~ 11 [( r &[ai I -^a/Jlaaas] 

_128 4864 

g - -D01I213, 6 



-Xi 



8192 



115 ~~ a l a 2 a 3,0 

2048 2 _ 14848 2 , 

23 ^0112203,6 gg -*aia2i3, b 

(D[ ai X a2 a 3 },b ~ Qrjb[ ai Dt X a2a3 ]. 



2/ 



v 

345 a l a 2Cl3,b 

35840 2// 
23 ^010203, 6 



23 "2"3Ji° g 

32 , ^(i) 2608 , , . 
H AoF' , AoY 

1 3 010203,6 g21 010203 



,(2) 



1504^ o yd) 



69 



011203,6 g21 010203,6 ' 



+ 



(B.81) 



where we have defined 

4 o V"d) — 4. .u*2»3y. ... , , 1 4,u«2«3y. . . r , 1 . 4n---«4y. . 

^ - 1 010203,6 " J «i«2»3|o203j,6 T ^° * «i»2J 3 [aio 2 ,a 3 J ~ g '/6[ai l^ 1 - 1 «i...j 4 |o2,13] ' 



4 o •— ^4r M1213V. ... , , — 94, , l i«2«3y. . 

^ ° ^aiaaas.fe 0/1 [ai| r iii 2 J3|o 2 a 3 ],e Z/1 [ai| * nl 



«2i30|«2,<13] 



3 4 *i*2*3y . 
"J^-b - 1 «l«2*3[ai 02,13] • 

(B.82) 

Note that indeed there are two (10100)'s in the decomposition of the tensor product 
A ai ... a4 ® y 6l ...6 BiC ~ (00010) (10002). 
From the 2nd SSBI we get 

3n[(r & ) a/3 (r aia2a 3) < 5 7 i?( Q , ( g 7 )' 5 ] = -6n[(r fe [ ai |) Q/3 J R Q , (3 | a2a3 ]] 



aia2a 3 



,b + 



-2304B, 

2082816 2 
3289 011213, 6 

149568 

l J - y [ai ^-0203 



8036352 



16445 Xa ^ a * 
14513152, 



+ 



15357952 



16445 



-X. 



21 

110213, 



-Y 



21 

010203, 6 



3289 
+ 192A o y 



3289 

,6 - gVb{a 1 DtX a2a 3 },i) 

404000 loF (2) 



43868160, 
3289 



-K 



2// 

010203,6 



(1) 

111213,0 9867 ^ " ^ oia 2 o 3 ,o 



+ 



113472^^(1) _ 273664^^(2) 



253 



" aia2i3,b 



3289 



010203,6 ' 



(B.83) 
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3n[(r b [ ai ) a/3 (r a2a3 ]),5 7 i?( a/ 3 7 ) ] = -i6n[(r 6 [ 01 |) a ^js a( g| 0203 ]] 



512 20556288 2 22386688 2/ 

~~ g - -"010203,6 16445 a i a 2 a 3,6 16445" 010203,6 

_ 3188736 2 1773568 2 , _ 48384000 2 „ 

3289 a i a 2C3,6 3289 oi«203,6 3289 010203,6 
488192 1 f 

^ 3289 ' I ai a2a s]' 6 ~~ g^Ioi ^a2a 3 ],ij 

-i28^oy« 6+ ~^oy( 2 ) b 

010203,6 9867 aio 2 a 3 ,6 

+ 46336 (1) 165632 (2) 

253 010203,6 3289 010203,6 V / 



Implementing the zeroth-order relation A aimmmCl4 = —2A' we get 



"010203,6 47656 010203,6 " r gggg a i a 20 3 ,o ^255 aia2a3 ' fe 135 010203,6 
117 2 3287 2/ ' , 540 2,, 

851 010203, 6 1702 010203,6 "T" ge^ 010203,6 > 

Aoy (2) -^izioyW -I^dx -l^x 2 ' 

1 a 1 a 2 a :i ,b 259 010203,6 J - yyY a 1 a 2 a 3 ,b ^ ^010203,6 y ^a 1 a 2 a3,b 

1080 2 _540 2, 17280 2, . " fR8 , 

2^ 1 010203,6 1 010203,6 -'010203,6 > ^-0.00^ 



where 



DX aia2a . hb :— D[ ai X a2Cl3 ] )b - -r] b [ ai D l X a2aa ] ti . (B.86) 



The (10010) 'a. 

From the 1st SSBI we get 



n[(r ai ... a4 c ) a/3 i? Q/3 6 c ] = 8965 ai „. 04j6 jjg--^ai...a 4 ,6 ~ 512 ^oL.o 4 ,6 

87040 2 122880 2/ 378880 2// 

161 a i--- a 4,6 ' -^gl 1 ai...a4,b ^gg 1 a\...ai,b 

51200 2/// ,25088 (!) 19456 (2) 

483 ai --- a4 ' 6 69 ai...04,6 H5 ^ai...a 4 ,6 

gg ai...a4,6 -Qrj oi...a4,6 

_i?84 Aoy (i) +l^Aoy( 2 ) 

103 5 01...04.6 3105 01-04,6 

-™i'oyW fe + ^oy( 2 ) . 

207 oi...a 4 ,6 -qcj oi...04,b 

9344 

+ ^Q3g(-C )t ^iai...04,6 - ^^6[oi...,a4]) > (B.87) 
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n[(r ai ... a4 c ) Q/3 ^ Q/ g cfe ] - 128-B ai ... a4! 6 ^T-^ai...a 4 ,6 ~ 512 ^...a 4 ,b 

87040 2 122880 2 , 378880 2 „ 

161 ai --- a4 ' fc 161 oi...04)6 4133 1 ai...a4,6 

51200 2w _ 10240 (1) 15872 (2) 

483 a i- a 4> 6 69 oi-**.*" 1 " H5 ^ "V...a 4 ,6 

gg ai...a 4 ,o 115 ai...a 4 ,o 

224 A >u 5728 . ™ 
1 : A o Y} ' „ , H A o Y} ' 



1035 ai...a 4 ,6 310 5 ai...a 4 ,6 
592_^ /oy(1) fc _ 2368 A , oyW 



1035 ai-G4,& 1035 ax.,.04,6 

+ ^(^^a,..a 4 ,6 " £>%[ai...,a 4 ]) , (B.88) 



where we have defined 



(i) i i 9 r 

4 1 1 

/i yv^J _ A I v _|_ _ 4 * Y" _|__4 2 Y" 

A - A ftl...a4,& ~~ 2 yl [aia 2 a 3 | ^i|a 4 ],6 "T g^ i [aia 2 a 3 | ^ib,|a 4 ] "T ^^[a^ ^a 3 a 4 ],i 

5 

+ ^%[ai^a 2 a3| i,? ^ij,|a 4 ] (B.89) 



and 



4 o yW •= TT^r ,n— *8 4. . . . ,y . , ,\ 

ai...a 4 ,fe ' J - L V c b[aia2| i2^3 1 Q-3 1 J « 4 ...i8,|a 4 J / 

2 • • 1 

_ , 11...18 4 y I H...18 A V 

— ^ t b[a 1 a2 ■ H -az\iii2h 1 iA---is,\o.A] ' ^[a^aa /1 a 4 ]iii2«3 - r i 4 ---i8,& 

— l<=r i il ---* 8 4 I .- V. -i ,4--n,, ,= M-igA. . V -ii 
cj C [aia 2 a 3 ^1^213 1 t 4 ...«8i|a 4 J > g '/b[ai c a 2 a 3 1 *l — *4 - 1 J5...ig,|a 4 J 

j n y( 2 ) — rr^r u—*8 4 , y. . 

^ 1 a 1 ...a i ,b -~ 11 V t [aia2a3 ^a 4 ]«ii 2 « 3 - 1 i4--^8,o) 

3 . . 4 ■ ■ 
2i. ..is 4 .. . . y . . . j p. H-..18 4 .. . . y. 

^rt/) 7.1 7o7.-3 J 7..I . . .7 a . rt./i T - c r).ir7.or7.o ^-rt/t 7,1 j 7,/l 



3 

g e [aia 2 a 3 | 1 8 ^bii« 2 i3^4-..«8,l« 4 ] 



1 3 

+ 7 e [aia 2 a 3 | 1 8 ^bii« 2 i 3 ^ 4 -..«8,|a 4 ] + ™%[ai e a 2 a 3 | 1 9 ^-ii...i 4 ^i 5 ...i 9 ,|a 4 ] • (B.90) 



In deriving ( B.87 , B.88| ) we have used the relations 



ti...i94. . y . _ _, r ii— 194. . y . , , 

c [aia 2 | ^ii...i 4 - 1 |a 3 ]7 5 ...,i9 ^ c [aia 2 -^Hi...t4 - 1 7 5 ...ig,|a 3 J 



^ e a 1 a 2 a 3 1 6 -^h^h^jU-'-M (B.91) 
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and 



AoY ^ = --AoYW + -AoY^ 
5 15 

A o y( 4 ) = -3A o y« + a o y( 2 ) 

AoY ^ = --AoY^ + -AoY^ 
5 15 

5 

AoY^ = --AoY^ 
5 

^ y(8) = ^ Ao y(i)_l Ao y(2) 
5 5 

A o = o y« 

20 
5 

AoY^ = -AoY^ 
5 

A o y( 12 ) = iA o y( 2 ) , (B.92) 

where 



^ ° ^ai.!.04,6 := n(efe[aia 2 a 3 1 ? a 4 ]i 1 i 2 Yji 3 ...,i 7 ) 
A ° ^ai.!.04,6 := -^( e [aia2<i3| 1 8j 4f»ii2«3^4...j8,|a4]) 

^ ° ^ailo 4 ,6 := n(e ai ... a / 1 '"*Mta 1 j 2 J yjj 3 ... i j 7 ) 

^ ° ^ailo4,6 := n(e6[ aia2 |* 1 '" l8 Aj 1 ...j 4 yj 5 ...i 8 |a 3) a 4 ]) 
° ^ai.!.o 4 ,6 := n(e[ ai a2a 3 |* 1 '" i8y: lji...M^5-..*8|a4],6) 
° ^ai.!.a4,6 := ^ e [o.ia 2 a 3 \ 1 8y ^i...i4^5--.«8&,|a4]) 

^ ° ^ailo 4 ,6 := n(eb[ aia2a3 | n '" l7 ylj 1 i 2 j3 : 'yj| a4 ]j 4 j 7 ) 

^ ° ^ai...o 4 ,6 := n(e ai ... a4 1 7 A^ i^izYjtoi...^) 

A ° ^ii...a 4 ,6 := n(ef,[ aia2a3 | 1 7 ^4 J, iij 2 j3^j'i4---«7,|a4]) 

^ ° ^ai...o 4 ,6 := n(e ai ... (l4 * 1 '"* 7 ylj 1 j 2 j 3 Jl yjj 4 ...j 7i b) . (B.93) 



Note that there are only two independent AoY structures, as can be seen from the fact 
that 



A ai ...a 4 ® Y bl ,„ b5yC ~ (00010) ® (10002) = 2(10010) 
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From the 2nd SSBI we get 



3n[(r 6 )^(r ai ... 04 )^i? M7) 5 ] = 2n[(r ai ... a4 T^ 



786432 2 66048 2, 

— 2304B ai ... a4i6 X ai...a 4 ,b TTo - «i -o 4 ,6 



16445 a i- a 4-» 143 
24975360 y2 27985920 y2l 

23023 «i-a 4 ,b+ 23023 ai " 



62423040 2 „ _ 25651200 ^ 

H 23023 a i--- a 4- b 23023 a i-- a 4- b 

_ 3348480 (1) 19915776 (2) 

3289 oi...o4,6 16445 oi...a 4 ,6 

2998784 „ m 15641088 



3289 01-04,6 16445 oi...a 4 ,6 

39232 ,l = yW 153152 ^ lcr P) 
9867 oi...o4,6 148005 01-04,6 

139712 (1) _ 24064 (2) 

16445 01. ..04 ,6 16445 ai...a 4 ,& 

179456 

+ - I g 5i 5-(W i o 1 ...«4 ) 6 " ^6[a,..,a 4 ]) , (B.94) 



3n[(r fe [ ai ) Q/3 (r a2a3a4 ]) 5 7 i?( Q/37 ) ] = -n[(r ai ... a4 c ) Q/3 i? Q(gbc 

26in: 



26102784 „ 197376 

— i»^ai...a 4 ,6 16445 a i--- a 4.6 143 ^ai...o 4 ,6 

6059520 2 23101440 2/ 

+ 23023 a i-°4. 6+ 23023 °i- a 4. 6 
43576320 2// 62284800 2w 

23023 m- a 4,6 + 2302 3 oi...o 4 ,6 

+ 4500480 (1) 14462208 (2) 

3289 oi...a 4 ,6 16445 ai...a 4 ,6 

_ 1488768 (1) 23135616 (2) 

3289 ai...04,6 16445 oi...a 4 ,6 

16445 oi...o 4 ,6 ^ 16445 ai...a 4 ,& 

_ 6008.^0 yd) fc + 11488 A / oy (») fc 
16445 oi...a 4 ,6 9867 ai...a 4 ,& 

111808 

" T 7 3 445-(^^i--4,6 " £>%[ a ,..,a 4 ]) • (B.95) 
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Implementing the zeroth-order relation A ai .„ a4 = — 2 A' we get 



b h = ^Aox^ i 401 Ao yW 577 AoY w 

oi...O4,0 4255 ai...a 4 ,6 ^ 2042400 oi...a 4 ,6 17Q200 <*i...a 4 ,& 



63 3808 o 991 2 , 6780 ~ 

851 ° 1 -° 4 ' 6 ^ 4255 ai - a4 ' b 851 ai -° 4 > 6 5957 01 

9860 2, 8800 2// 2540 2,,, 

5957 ai --- a4 > b 5957 a i--- a 4> fe 5957 a i--- a 4> fe ' 



AoX {1} =—AoX i2) 1 119 jpyW 217 i3 y( 2 ) _ JL^y 

oi...a 4 ,6 27 oi...a 4 ,6 ^ 88800 oi...a 4 ,6 66600 01.. .a 4 ,6 -q-^ 01. ..04,. 



^x 2 + -x 2 ' --y 2 --y 2 ' +^y 2 " 

37 ai...a4,b ' ^rj ai...a4,b ^7 ai...& 4 ,& ^7 tti-..a 4 ,b 37 ai... 



80 '.2/// 



37^.04,6 . (B.96) 



where 

DY ai ... aitb := D l Y mi ... aitb - D l Y lb[ai ... M . (B.97) 



The (10002) 's. 

From the 1st SSBI we get 



13440 . o 21760,,,, 17920 



yr2 y 2// 

2^ ai...a5 } 6 23 ai...a5 } 6 23 ai...a5,fc 

_ 10240- 2/// , 8960 2 ,„, 

23 2 ai...a 5 ,fe ~r gg - r ai...a 5 ,ft 

gg 01. ..as, 6 gg a\...as,b 

_ 20480 (1) 81M0 (2) 

gg ai...a 5 ,6 gg ai...a 5 ,6 

4 . . 

ggl fc ai...as ■t-'ii 1 i 2 ...i fj ,b T fc&[ai...a 4 | -^ii -^...Je^as]/ 

440 • • 

207 ii-.-M ^15*616 fc b[ai...a4 -^h . . .14 i&i6 ,\a&] J ' 

(B.98) 



-47- 



rr Ur c,ap p i_ 198R 8960 2 4480 2 , 



13440 2 _ 21760 2/ _ 17920 ^ 

2jj ai...05,6 23 oi...05,6 23 oi...05,i 

10240 2,,, 8960 2//// 



22 -ai...a5,6 "r" gg J ai...a 5 ,6 
gg ai...a5,6 gg ai— 05,6 

_ 145600^ oy(1 ) 104000 (2) 

gg oi...O5,0 gg ai...as,o 

104 

207 12— »6,& I c 6[ai...a4 ±J r\ 1 ii...x§,\a<i,\) 

, ii...ie a v I , U...J6 4 y 

"T V fc ai-..a 5 - ti h...l4,^-i 5 i 6 ,b "T e fe[a!...a 4 | ^ 1 «l...l4 yV i5«6,l«5] 



20 

207 v 

(B.99) 



/ H— ?6 4/ Y" I ii...«6 4' Y" "\ 

;l fc ai...a 5 ^ii... 14^15*6, 6 "r fc b[ai...a 4 ^ii—M *5«6,|as]/ ' 



where we have defined the two irreducible-hook combinations 

A nY^ ■= A, M^v. . , , _i_ 4 r I'^y. . , 

a!...a 5 ,b ' ^[aia 2 | - 1 «i42|a 3 a4a 5 J,fe ^&[ai| - 1 «i«2|<J2-,a5j ' 

4 n V^ 2 -' •= 4r ,'i'2V. _ 4 ,<i'2y 

■ I oi...a5,6 " [aia2| J «ii2%3a4,a 5 ] -^6[ai| - 1 «i«2|a2---,as] 

+ ^%[«l^2| nJ2i3 ^ 1 ,2,3|a 3 a4,a 5 ] • (B.100) 

Note that indeed there are two ( 10002) 's in the decomposition of the tensor product 
A ai ... a4 Fj,.. i5 , c ~ (00010) (10002). 
From the 2nd SSBI we get 



3U[(T b rC(T ai ... a5 ) 5 m iaf3y) s ] = -2U[{T ai ... ar f)^R^ hc ] 

)9072C 
3289 



990720 2 
2304S ai ... O5j6 + A ai ... a5j6 



1388800 „ 0> 162560, 



X 2 ' „_ h -ZZZlZ^Yt 



3289 "" a i- a 5' fc 3289 a i- a s> b 
42984960 _ 2/ 7398400 , 
23023 " ai - a5 ' b + ~ 3289" Jai - a5,fe 



, y2// 

23023 a i- a s,6 3 2gg ' 
49612800 „,„ 212480 



— y2//l _ ^J^2__Y 2 '''' 

23023 a i- a s> b 3289 a i- a 5> fe 

51200 „ ru 4968960 t t 2 \ 

299 oi...ob,o 3289 ai...o5,o 

_ 197760 (1) 836480 (2) 

3289 oi...o6,e. 253 ai...a 5 ,& 
2720 

29601 »2—i6,6 fc 6[ai...a 4 -^ii 2 i 2 ...«6,|a5] J 

292D ■ • ■ . 

897 1- " 05 U...J4 ^15*6,6 t fc 6[ai...a4| ^ii... 14 i&ie, \a.&]) ' 

(B.101) 



- 48 - 



8 

3n[(r b [ ai ) a/3 (r a2 ... a5 ]) 5 7 J R( aja7 ) 5 ] = --u[(T ai „ M5 c ) al3 R al3bc ] 

1024 2936832 2 

~~ g -"01-05,6 H 3289 01—05,6 

3376128 2, 5394432 2 

3289 01.. .as, 6 3289 01. ..as, 6 

18696192 2 , 1069056 2// 

23023 «i- a 5,6+ 3289 a ^- a ^ b 

13953024 2/// 531456 2//// 
23023 a i- a 5< fe 3289 ai - a 5> fe 

23 01—05,0 3289 ai...a5,o 

657920 (1) 936448^^(2) 

3289 oi...a 5 ,6 3289 ai...a 5 ,6 

_ 8512 , ii...jg r-j y 1 , ii. ..?6 n V" \ 

148005 2 «2---«6,6 "T e fe[ai...a 4 ±J ii I i2...i^,\az\) 

784D 

f r h--ie A' Y ■ u 4- fn ii-16 4' V. . , ,1 

897 1- " a5 ^Hl— ?4^ v »5»6,6 ~ c O[dl— <I4| ^H— M *5*6,|05]/ ' 

(B.102) 



3n[(r ai ... a5 )^(r 6 )^ J R (a/37) ' 5 ] = -2n[(r a ,.. a5 c ) Q/3 ^6, 

2434560 - 



2434560 2 
— 256B ai ... a5) b H 3289 a i...a 5 ,6 

2983680 2/ 8597760 2 

3289 01.. .05,6 ' 3289 01. ..as, 6 

40680960 2/ _ 3609600 2 // 

+ 23023 a i- a B.° 3289 a i- a s,6 

_ 43407360 2W _ 3755520 ^ 

23023 a i- a 5,6 3289 01-05,6 

192000 „ _m 1812480 t T ™ 

299 01.. .05,6 3289 01—05,0 

734080 (1) 5^27200 (2) 

3289 01-05,6 3289 oi...a 6 ,6 
3232 

29601 5 I i2---i(,,b ~r fcfe[ai...a 4 -^ii 1 i 2 — *6,|os] / 

1 S48D 

, jj...j 6 ,/ „ ii...ie a> v \ 

897 ai "- as ^ 1 ii...i4 *5*6,6 "T fc 6[ai...a4| ^ii — i 4 i5«6, 105]/ ■ 

(B.103) 
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Implementing the zeroth-order relation A ai .„ a4 = —2A' aia4 we get 

O ai ...a 5 ,b — g273g a i--- a5 ' b ggg a!...a 5 ,6 "r 23 ai --- a5 ' b 23 a i--- a 5. b 

, ]^_y 2 — i^y 2 ' _i_ l^y2// _ 55 2w 5 2 /w 

23 ai --- a 5' fe 1Q1 ai...a 5 ,6 ~r 23 ai...a 5 ,fe -^g^ ai...a 5 ,6 g a\...aa,b ' 

^ ^ii.Lg.fe = ~2016 j4 ° ^ ai - a5 ' fe ~~ 42^ ° ^l-.os.ft + -^oi-as,6 ~~ X a[-a 5 ,b 
--Y 2 - V/ 2 ' 4- W 2 " + 4y 2w _i_ }^_y 2 "" 

2 ai...<J5,ft -' ai...a5,6 ~r ai ...as,b ~r ai...as,6 ~r 3 ^ai...a5,6 ) 

^ ai ...a 5 , 6 = §^4 o X a ,.. a5;6 + 3220.4 o y« ; aB;6 - 840^ a5 () + 840X 2 [^ b 

- 7980^...^ - 7560y a 2 /. .. a5jb + 5880^"..^ + 6720Y a 2 1 w . aB >b + 5600^"^ , 

(B.104) 



where 

r)\~ ^ %\..Aq r) "y _i_ , ii...?6 r) y 

^ 1 ai...as,b ■ fc ai...a 5 1 i2...ie,6 ~r fc o[ a l ...04! -^ii 2 i2---*6,l a 5] > 

^4 O X ai ... a 5 ) 6 := £ai. ..as* 1 '"* 6 ^4ii...j 4 ^5*6.6 + £ &[ai ...a^l* 1 '"* 6 ^il—«4 ^516,1 05] ■ (B.105) 

B.3 The dimension- § SSBI's 

We consider now the SSBI's at dimension |, which read 



£ttct[bc] = L> a lb c + ZV[ b l c ] a + Zl a [ b ±\E\c] + 1 bc J-Ea 
2 -Ra(/3 7 ) 5 = DaT^ 6 + 2D( (3 T 7 ) a <5 + 2T a ( (3 £ Tj £ | 7 ) <5 + T^ E T E a S 



(B.106) 



In an unconstrained superfield in the representation 4290, there are two spinors at level 
6 3 . The index structure of the SSBI's at this level also contains two spinor equations. By 
contracting the first of the SSBI's with 5^T b we find 

^ 3^ 

+ -(r«-^5) Q A,., 4 - -(r^s^A*^ 

+ UD'^ia - WI?S a 

- 220t a + 2(T k t^) a X ill2tk + \{V i ^H i ^) a Yi 1 ...i 5 ,i 6 - ( B -!07) 
Contracting with T bcd we get 

2(F bcd )jR pbcd = -1980t a - 4(T k ^) a X tll2 , k - ^ I" • ' : / ; ' )„ (B.108) 
Contracting the second of the SSBI's with C a s{T a )^ 1 and taking the Lorentz condition into 
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account, we get 



-(T bcd ) a ^R/3 bcd + (T b ) a f3 R / 3 cb c = 

+ 22D a A - 20(P J D) Q A + 2{T l ^D) a A lll2 

m 1 i i 1 i i 

+ (r* 1 * 2 * 3 D) a Ai 1 i 2 i 3 — —(T il "' l4 D) a Ai 1 ^^ 4 — — (r ll '" to D) a Ai 1 ._i 5 

- 2(P J D) Q 4 - V{T^D) a A> ili2 + ^(T^D) a A> it2t3 
+ L {T n...u D)aKi ^ _ l_ {T H-is D)aA > h . b 

13 ~ 13 

- ^(P-^)^,..^ + -^{T n - u ~S) a A' n ... tA . (B.109) 
Contracting with (T ai ) a5 (Ti)^ we get 

3(r 6cd ) a /3 _R /3bcd — 8(r 6 ) a /3 i? /3cfe c = 

- 220D a A + im^D)^ + 16(r ii2 D) a ^ ili2 

i i i 4 i i 

+ 6(r 1 2 3 z)) Q ,^4j 1 2 2 j 3 — _^r*i— *4 D) a Ai 1 _i 4 

- ••'•/>:■„. l;,..,^ - 20(r i z>)«4 + 54(r il2 z?) a ^ 1J2 

32 7 
52 2fi 

- i (r ,1,2i3 s i4 M i ,.. l4 + y (r* 1 ™^)^..^ 
4 . . _ 7 . . _ 

+ 32(r ll - i4 Z') a A ll .., 4 + 64(P^ 3 Z /l4 ) a A il ... M 
+ 32(P li2 Z /l3l4 M n ... i4 + l^P 1 -^)^..^ 

- 320(r^ 3 Z i4 ) a 4 i .. i4 + 320(1**^)^..^ 

- 128(1* Z***)^..^ + 16Z^A^ i4 

+ 7040t a , (B.110) 

where we have used the conventions r i23456789io = ~~ 1 an d eoi23456789io = 1 an d also the 
relation 

r — _i'_i n i(p+ 1 )(p- 2 )/ 2 - f op + i...oup mini 

J-oi.-.ap— I X J /-, , _ x|toi...a p L a p+1 ...an ■ 
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Combining the above equations, eliminating Uj a , we finally get 



-38060i Q = - U0D a A + 280(r t D) a A i + Q8{T ni2 D) a A il 

22 4 
— (r 1 "' u D) a Ai 1 ...j 4 — - 

- 80(r*D) a 4 + 72(r* i<a D) a 4 lia - ^(r* 1 ^)^* 



+ 28(T 111213 D) a Ai 1 i 2 i 3 —(T ll "' l4 D) a Ai 1 ^i i — —(T tl '" lo D) a Ai 1 ^ 5 



+ ^(T il - i4 I>)a4 1 „. i4 " (r il - ie D)a4 1 ...i 8 " 65(1^™^)^ ^ 
. . . ~. Q2 . ~ 2HQ . . 

+ m{T^Z') a A tl ... lA + 192(r™Z ,44 ) a ,4 n ... i4 + QGiT^Z'^aAi^ 

+ 336(1^-^)^^ - 960(r ii2i3 ^ i4 ) a ^ 1 ... i4 + m^z* 3 **)*^^ 

- 384(T h Z i2i3h ) a A' h _ u + mZ^-^A\^ M - 182.0*5*, + 1400 5 a . (B.112) 
B.4 The dimension-2 SSBI's 

We consider now the SSBI's at dimension 2, which read 

d 

„ , (B.113) 



R[abc] d — D[ a T bc ] d + T[ a6 E r| E | C j . 



-Ka6 7 — ^[a-'&h + L> 'y I ab + J-ab i|B| 7 + ^ 7 [a i|B|6] • 

We will focus on the representations associated with the Einstein equations, (00000) and 
(20000), the 4-form equation of motion, (00100), and the 4-form BI, (00002). Only the 
second SSBI in B.113 contributes to these representations and the first SSBI will therefore 
not be analysed below. 

The (00000) and (20000). 

The second SSBI contains one (00000) and one (20000). They are obtained by contracting 
with (T bc )s^ and symmetrising in ac, 

16R {a b c)b = -288D {a A c) - 32^,0% + 32D i J B i((1)C) + W Vac D a t a - 9DT (a t c) 

+ ^S^ a t c ) ia - llSiT( a t c ) + lAQZ( a ia t c ) ia + 28Z l T( a t c )i - AZ'^ a t c y iot 

- UZ H T (a t c)l - 32A {a i ^A c)ili2i3 - UA[ a ^ A' c)ni2l3 + l6 Vac A^ M A'^ 
64 • ■ • 40 

+ -A {a \ ili2h \B^\ c) + ■j A < 1 ...uB tl " M (a,c) ■ (B.114) 

The (00100) 's. 

The second SSBI contains three (00100) 's, which are obtained by contracting with (r c ),5 7 
and antisymmetrising in abc, 

= -64£>[ a ^4 bc ] - DT[ a t bc } - 2DT[ ab t c ] - DT abc t + 4S[ a a t b ^ a - 2ST[ a t 6c ] 

- 2<ST[ a ^ c ]j - 2S\[ a T b t c ]i - 252Z[ a a t bc ] a - 42ZT[ a t bc ] - l8Z[ a a t bc ] a - 35Z'T[ a t bc ] 
64 . . 64 ... 64 ■ • • 

_ _ A, W2t3 A, , -4- fi/L A r , 1112 A 1 I A , 1 R»H2»3„ , _ _ A' ll * 2l 3 A' 

2 A [a A bc\i x i2i-i t D ^[afe A c]iih ^ 3 /1 [a|2i«2J3 i3 \b,c] 3 A [a /1 6c]i 1 i 2 j 3 

- ^„bri l ...uA'"-- : A ,; -^ - jz< „/,,,.,.,.'l" ! ' ; />" v '"'., , (B.115) 
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(r 6 C cz)c5 7 and antisymmetrising in acd, 

32 

= -256D [a A' cd] + 32DM W + —D*B acd>l + 2Dr [a t cd] - 5DT [ac t d] - 8DT acd t 

- 8S[ a a t cd ^ a + 4ST[ a t cd ] + 13S'T[ ac t d ]j - 56Z[ a a t cd ] a + 80Z[ ac ta t d ] ia - 28ZT[ a t cd ] 

+ 4Q z [aF c td]i + 28ZT[ oc trf| i + 20Z[ a a t cd ] Q , + 14Z'T[ a t cd ] + 8Z[ a T c t d ]j - lOZ'T^^j 

64 1 28 

. . 448 • ■ • 4 .... 

_L1Q04' »H2/t' _A> H»213 D . . . „ , ,. . 4U...14 4/15-18 

+ iyz/1 [a /i crf]ui2 3 ^[o - D |n«2«3|c,d] gtac<iii...i 8 ^ ^ 

-^ Hl .... 9 | in - i45!5 -'^ > (B.116) 
and with (r ab cde )^, 

= -448D l 4 C(ie + 6£»r [c f de] - 42Z>r [cd t e] + - 72%% e]a - 96Z [cd <a * e]ia 

- 32Z crfe n * 2Ct t il j 2Q , - 60ZT[ c t de i - 144Z[ c T rf t e ]j - 48Z[ cd n * 2 r e ]tj li2 + 72Z l Ty cd t e ^ 

- 12Z ni2 T cde t ili2 - A8Z{ c ni2 T de i i t il i 2 - 12Z[ c a t de ] a + 30Z'T[ c t de ] + A8Z' ] JT d t^ i 

+ l2Z%J e]i + 4Z H ^T cde t llt2 - 384^^^ + 53764^ + 2304A [c ^ A' de]lil2 

+ 2304^/^^ + 256A [c ^B lllt2t:ildye] + y ,1" -' ; 
1 fi 32 

_ , . . 4'tl-»4 4'»5— »8 _ r , . . 4'»1»2»3J R»4-»8 . _ 1980 4' *1*2*3 4' 

+ 1152A| cd il »B| ili2 | )C] . (B.117) 



Tfte (00002) 's. 

The second SSBI contains three (00002), which are obtained by contracting with (T cde )s' y 
and antisymmetrising in abode, 



- MD[ a A bcde ] + -Dr [afec t de ] + 2DT[ abcd t e ] + DT abcde t - 26S[ a T bc t de ] - 2ST[ abc t de \ 
+ 80Z[ abc a t de ] a + 60Z[ ab T c t de ] + 84Z[ a T bc t de ] - lAZT[ abc t de ] + l2Z[ ab T c t de ] 

- 30Z' [a T bc t de] + 7Z'T [ab J de] + 384A [a A bcde] - 384A [a6 M cde]i - 192A [abc hi2 A' de]ii 

- 64A [ab ^A' cde]lil2 + 192A [a6c i B de])i - 384^ a6 M' cde] . + 128^ a6 J ^ 2 B C(ie]nil2 



''2 



p. , „. . A W2i3 , A'U—17 _ e . , .. . . AW21Z , RM---«8 

g fc [a&cd|ii...i 7 | /1 e]^ 1 ^ e [afec|ii...i 8 |^ i 



- ^ abcdeil ... l& A'^A H ^ - ^ {ab ^ ix . M A^B^ A , (B.118) 
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(r c de/)c5 7 an d antisymmetrising in abode f, 

= 64D[ a A bcde fl + DT[ abcd t e fl + 2DT[ abcde t^ + DT abcde jt - 26S[ a T bcd t e f] 

- ^ST[ abcd t e f] + 48Z[ abcd a t e f] a - MZ[ abc T d i e f] + l20Z[ ab T cd t e f] - A8Z[ a T bcd t e f] 

- 14ZT[ abcd t e f] + 24Z[ ab T cd t e f] - 24Z[ a r bcd t e f] - Z'T[ abcd t ef ] - 512A[ ab A cde fl 

512 

+ 512A [abc A 'def]i ~ 128A [ab W2 Bcdef]ii,i 2 + 512A [ab A 'cdef] + ~ A '[abc B def],i 
32 ... , .,, , 32 



[abcd\i 1 ...i 7 \ A 1 2 ef] A 3 7 "7r e [a6cd|«i...i7|^ n 2 3 ef] A 4 ? 



J eabcdefn...^ 2 ^'^ 5 3 ~ ^[abcd^..M A ' ll --- UBt5Hi7 eJ\ , (B.H9) 



and with (r b C( fef),5 7 and antisymmetrising in acdef, 



= 192D[ a A' cde ^ —D l B acde f^ - — e a cdef 11 "' 16 Dii A 'i 2 ...i 6 ~ ^ D ^[acdt e f] + DT[ acde t f ] 



^n*R -i 

g ^ D acdef, i ^ 

+ QDT acde ft + 33S'[ o r cd t e ^ + 45T[ ocd t e ^ + S^T^ei^ + ST[ acrfe t/]j + Q4:Z[ acd a t e ^ a 

- 32Z[ acde ia tf] a - lAAZ[ ac T d t e f] + 64Z[ acd T e tfli - 14AZ[ a T cd t e f] - 96Z[ ac l Td e tf]i 
+ 40Zr[ acd t e j] + 48Z[ a T crfe tj]j - l2Z l T[ acde tf]i + 48Z^ ac T d tef] - 2AZ^ a T cd t e f] 

- 20Z'T[ acd t e f] - 16Z' a T cde ^]j - 2Z n T[ acde tf] i + 1152A[ a A' cde ^ - 1024A[ ac l A' de ^ i 

- 128A [ac ^A def]ill2 + 1536A [acd M' + 256A'^A' 2 + 896^'^, 



r>f<> 



ef]i ' [ac def]i\i2 °' J{J [ a cd 

8 1 fi 

° . Ahi2 Aiii-.-ia _ _ f , ,. . Ah-U, Atisi 

^ c acaejii...ig- n ^ c acdejti...i^- rl 

ye [ac<feKl .., 7 |A i -^^^^ >/] - ^e^^i^W"^-*-^ , (B.120) 



where we have used (B.66) and the following identities 



e , , . . /in*2«3i /l'*4«5«6 . , r , „. . . AH— 14 Ali*ai%i7 

c abcdei±...i6- n - J — ^ c [abcd\ii...fj\- t± e\ j 

c aocdeJi...jg^ 1 ^ j — ^ c [abcd\ii...fj\- n e\ — u j 

/= , , • ■ 4 /l l l 2«3j R*4«5*6 . _ __,r r , „ . Afll— U Digl6«7 , 

c aftcc!eii...J6 r:L ,j ^ c [a6ccf|«i...«7| rl ,e] ; 

... 4 

e [abcd\i 1 ...i7\ All%2 ' l ''' ! ' ef] A ' %4 ''"' 17 = g e \abcde\h..A fi \ A%X%2% ' i ' 1 f\ A>% ^ %b 3 t 

e, , ... . JWa A>h-ir _ , r , , , . . . ^iiiaj ,, 4'i3—i6 . 

e [afecd|ji...27| /i e/]^ 1 — e [afecde|ii...2 6 |^ i /J^ 1 J ) 

4 

e [afecd|«i...i 7 | /1 - e,f] — ^[abcde\t 1 ...t 6 /i D j,\f] > 

3 

^ abode fii...i^, A 1 2 ^^4 5 j = — £[ a 6cde|ii ...ig | 1 2 f] A 

= ^[abcde\h..M A ' lli2l3A ' iil ^f] (B.121) 
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and 



Alii. ..14, Ali'oi-W 
t [abcd\i\...i-j\ 1 ^ ef] 



4 
— ( 

5 



f . , , ,. . 4'nW3i A'i4isi6 ., „ _ _!, , , ,. . A'imjk AH3U15 
lz [abcde\ii...i6 jrl j\f] — n ^abcdefii—is-^ jk 

9 

e, , , ■ • 4'»i i 2J rn A' 13 --- 16 ■ — -e u j t- ■ A Hll2 3 k A' l3Ul5 -7 
t [abcde\ti...i 6 \ Ji f 71 J _ ^ tabcdefn ...i 5 ^ jk ■ 



(B.122) 



C. Decomposition of tensor-spinors 



Decomposition of tensor-spinors of the types 



and 



□ □ 

1. Consider a general (=reducible) rank- re antisymmetric tensor-spinor in D dimen- 
sions, V® „ . We want to decompose it into irreducible (T-traceless) representations. An 
irreducible rank-n tensor spinor is obtained from a reducible one as 



V a\...a n — -^n,pf[ai...q p r 1 P V\b 1 ...b p \ap+i—a n \ 
p=0 



(C.l) 



where N, 



n,p 



p(p+1) / n \ 

fU-2n+p+l\ 



■It'- 



ll we define the expansion of V in irreducible representations as 



V ai ...a n ^1 ( jF\ai...a r ,Vg v+1 ...a„ 
p=0 ^ l s 



the T-traces of V are 
1 



P 



-pai...a P TA 

• , ai...apOp + i...a K 



p(p-i) 
(-1) 2 



n—p 

£ 

r=0 



n — p\ (D — 2n + 2p + r 
P 



1 T/" 
[fltp+l—Op-l-r * ap-(-r+l— In 



Subtracting the T-trace leaves only the first term in the sum: 



V a p+ i...a„ — ( 1) 

or, explicitly, using ( |C.1| ): 



p(p-i) ( D — 2n + 
P 



2p\ 



V, 



a p _)_i...a n i 



V. 



"r : >-■■■"" ^D-2n+2p^ 



„ r(r+l) 

' r! 



(C.2) 



(C.3) 



(C.4) 



\p)\r-p) p bl 6r 

^D-2n+p+r+l\ [dp+i-.-ar 1 v |fei ...6 r |a r+ i ...a„ 

V r—p J 



(C.5) 
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which of course coincides with ( |C. 1|) for p = 0. 



2. Consider the tensor product of an irreducible hook tensor, i.e., a tensor of the type 

U ai ...a n ,a '■ ^[01— On,o] = 0, ^ai—On-ia" = , (C6) 

with a spinor. The T-traceless part is 



jji \ j, p ~pbi...b P TT 

u a 1 ...a n ,a ~ n >P [ai-.ap 1 cy |bi...b p |a p+ i...a Tl ],a 

p=l 

n 

I \ ^ 7 p ~pbi...b p TT 

T / J i-n^ 1 - a[ai...Op-i L u \b\...b p \a p ...a n -\,a n 



p=l 

n 



(C.7) 



+ '^^m n pr] a ^ ai T a2 _ ap _ 1 T 1 p C^|b 1 ...fe J ,|ap...a n _i,a„] 
p=2 

-[ai . ..a n a] , 



where 



, ^ n+l (D-n + l)(D-2n + l)-(n + l)p AT 

Ln ' p ~ [ > (D + 2)(D-n + 2) Vp ' 

(at p = n, only the combination ^i(nk n>n + (-l) n+1 /„,n) = [d+2)(D-"+2) Nn < n enters )- 

The vanishing of the completely antisymmetric part implies that T-traces only have to 
be taken on a% . . . a n , and T-tracelessness in these indices implies T-tracelessness in a. The 
tracelessness wrt the vector indices survives after a multiple T-trace, but the vanishing of 
the antisymmetrised tensor does not, so in order to get an irreducible representation out 
of a T-trace on U one has to divide it into an antisymmetric part and an irreducible hook, 
and subtract the T-traces of both. Explicitly: 

u a p+1 ...a n ,a = 1 p U ai ,,,a nja (C-9) 

splits into 

Ua v+l ...a n ,a = V ap+1 ...a n a ~\~ W ap+1 ,,, anya , (C.10) 

where 

v a p +i...a n a = u [a p+ i...a„,a] j 
W ap+1 ...a n ,a = U ap+1 ...a n ,a ~ u [ap+i...a n ,a] 



n — p 
n — p + 



, ( u a p+ i...a n ,a + ( 1) P+ u a[a p+1 ...a n _i ,a n ] ) • (C.ll) 
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The tensor u' ap+1 ^ anA is defined using the subtraction of T-traces according to ( |C.1|) and 
(C.7), and consists of two irreducible tensors v' and w' . One obtains: 

n f r ~ lN \ ( n ~P\ 

,J -Vf 1 \p-V\r-p) v r 5i...6rrr / ri?1 

t, Op+i...a n o / y V L ) r \ (D-2n+p+r-l\ l a p+i--- a r |6i...6 r |a r +i...a„,a] l^- lz 7 

r=p ' V r— p / 

On the other hand, an expansion of U in irreducible tensors is defined by 

n-l 



U ai ...a„,a = ( jr[ ai ... aj) M^ aj)+1 ... 0n ] )0 

n / \ 

, VrUr t? +f_iv>-ir t? ( c - 13 ) 

/ y ^py V a[oi...ap_i ' tt p ...a„] + ^ ij i [ai...a p v a p +i. ..a n \a 



(n + l)(p-l) ~ 

2) _ n _|_ X 02...a p _i 17 a p . 



Performing the T-traces on this expansion yields (the second eq. directly from ( C.4 ), 
the first after some computing) 

_ .sn+i+sSsrH (D + 2)(D-n + p) (D-2n + 2p- 2\ - 
V ap+1 ...a n a { V ( D _ n + 1}( D _ 2n + p - 1) \ p J * a p+1 ...a n a , 

, f v KptI) (D - 2n + 2p\ ~ 

W« p+1 ...o B ,a = (-1) 2 ^ p )W ap+1 ...a n ,a ■ 

(C.14) 
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